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Dark Matter History

 In 1933, Zwicky pointed out in Coma 
cluster the gravitational mass is larger 
than the luminous mass. 

 Zwicky claims the existence of “Dark 
Matter” in Coma cluster.

Jan Oort

Fritz Zwicky

 In 1932, by studying stellar motions 
in the local galactic neighborhood, 
Oort found that the dynamical mass 
in the galactic plane must be greater 
than luminous mass.
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Spiral Galaxy

NGC1132 Credit: NASA



Flat Rational Curves

→
𝒗𝟐

𝒓
=

𝑮𝑴

𝒓𝟐

→ 𝒗 ∝
𝟏

𝒓

𝒂 = 𝒈



The Tully-Fisher Relation

Fukugita, M., 2003, Nature, 422, 489

R.B. Tully & M.J. Pierce, ApJ, 533, 744 (2000)

?



Elliptical Galaxy

NGC1132 Credit: NASA



 As the surface brightness from the stars of elliptical galaxies 
drops rapidly beyond two effective radius (half-light radius), 
the kinematics of the galaxy at larger distances has to be 
studied by other sources. 

Motion of gas can be used in spiral galaxies but this is not 
suitable for elliptical galaxies as their gas content is low. 

 Planetary Nebulae (PNe) and globular clusters have been 
suggested for elliptical galaxies. 

 PNe are good tracers for velocity distribution because of 
their strong emission line O[III] at 500.7 nm.

Observation in Elliptical Galaxies

Yong  Tian & Chung-Ming Ko, MNRAS, 462, 1092 (2016)



Planetary Nebula

NGC7293 Credit: NASA



Velocity Profile of PNe

Yong  Tian & Chung-Ming Ko, MNRAS, 462, 1092 (2016)



A.J. Romanowsky, Science, 304, 1696 (2003)



MDAR

Mass Discrepancy-
Acceleration Relation



 Observational acceleration can be determined by 
rotational curve of spiral galaxy.

 Baryonic acceleration can be estimated by stellar and gas.

Mass discrepancy can be decided by

acceleration ratio.
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The Mass Discrepancy-Acceleration Relation (MDAR) in elliptical 
galaxies with PNe at 1-3 effective radius (Reff).



Acceleration Scale?

B. Famaey & S.S McGaugh, Living Rev., 15, 10 (2012)



Dynamics & Kinematics

Dynamics Kinematics

Solar System Newtonian 
Laws

Kepler’s Law

Spiral Galaxy MDAR Tully-Fisher 
Relation



Mass Discrepancy-Acceleration Relation: 
MDAR & Tully-Fisher Relation
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Mass Discrepancy-Acceleration Relation: 
MDAR & Tully-Fisher Relation
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Red Line



F. Lelli et. al., APJL, 827, L19 (2016)
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MDAR in
Elliptical Galaxies?

Dynamics? Lensing?



Lensing

Bigger Deflection Angle

Gravitational Lensing and Time Delay

Time Delay

Larger Hubble Constant



Introduction to Gravitational Lensing

Reference: Ann. Rev. Astron. Astrophys. 48 (2010) 87-125





We select elliptical galaxy lenses with complete photometric data and estimation of 
stellar IMF mass. We also exclude S0 galaxies because of the mass model. As a 
result, we have 57 Einstein rings in our samples



 Lensing Equation of Einstein Rings

 Hernquist Model for Baryonic Mass

 Isothermal Model for Dark Matter Mass









Three implications

1. New “Dark Sector” physics

2. The result of galaxy formation

3. New dynamics law







𝑷𝒐𝒊𝒔𝒔𝒐𝒏′𝒔 𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 − 𝑻𝒉𝒆 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒍 𝒇𝒐𝒓𝒎 𝒐𝒇 𝑮𝒂𝒖𝒔𝒔′𝒔 𝒍𝒂𝒘 𝒐𝒇 𝒈𝒓𝒂𝒗𝒊𝒕𝒚
𝛁 ∙ 𝒈𝑩 = −𝟒𝝅𝑮𝝆

𝑴𝒐𝒅𝒊𝒇𝒊𝒆𝒅 𝑷𝒐𝒊𝒔𝒔𝒐𝒏′𝒔 𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝛁 ∙ (𝝁(𝒈𝑶/𝒂𝟎)𝒈𝑶) = −𝟒𝝅𝑮𝝆

𝐰𝒉𝒆𝒓𝒆 𝝁 𝒙 𝒉𝒂𝒔 𝒕𝒉𝒆 𝒂𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒄 𝒃𝒆𝒉𝒂𝒗𝒊𝒐𝒖𝒓 and 
𝒂𝟎= 𝟏. 𝟐 × 𝟏𝟎−𝟏𝟎𝐦𝒔−𝟐
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𝑻𝒉𝒖𝒔, 𝝁(𝒈𝑶/𝒂𝟎) ∙ 𝒈𝑶= 𝒈𝑩

𝑭𝒐𝒓 𝒍𝒐𝒘 𝒂𝒄𝒄𝒆𝒍𝒆𝒓𝒂𝒕𝒊𝒐𝒏, (𝒈𝑶/𝒂𝟎) ∙ 𝒈𝑶= 𝒈𝑩 → 𝒈𝑶= 𝒈𝑩𝒂𝟎
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MOND and Tully-Fisher Relation

𝒗𝟒 = 𝑮𝑴𝒂𝟎



𝒈𝑶

𝒈𝑩
= 𝝂(

𝒈𝑩

𝒂𝟎
)

𝒘𝒉𝒆𝒓𝒆 𝒂𝟎 = 𝟏. 𝟐 × 𝟏𝟎−𝟏𝟎𝐦𝒔−𝟐

𝝂 𝒚 𝒉𝒂𝒔 𝒕𝒉𝒆 𝒂𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒄 𝒃𝒆𝒉𝒂𝒗𝒊𝒐𝒖𝒓

𝝂 𝒚 ≈ 𝟏 𝒇𝒐𝒓 𝒚 ≫ 𝟏

𝝂 𝒚 ≈ 𝒚−𝟏/𝟐 𝒇𝒐𝒓 𝒚 ≪ 𝟏

Modified Newtonian Dynamics (MOND)

MOdified Newtonian Dynamics (MOND)



Problem in MOND – Cluster of Galaxies

R.H. Sanders & S.S. McGaugh, ARAA, 40:263-317 (2002)



Bullet Cluster 1E 0657-558

Clowe et al. 2006 claims the direct evidence of dark matter in 
Bullet Cluster 1E 0657-558

X-ray image shows hot

gas represents most of 

the baryon mass.

Weak lensing contour

did not match with 

hot gas.



Relativistic Problem & MOND

MOND is the modification of weak field limit

(g for static and localized system)

MOND in relativistic DM problem needs the 
relativistic gravitational theory to explain.

Ex.

 Gravitational Lensing
 Strong Lensing – Quasar Lensing, time delay, Einstein rings

Weak Lensing – Bullet Cluster

 Large Scale Structure

 Cosmic Microwave Background Radiation (CMB)



The modified Newtonian law in 
relativistic theory?

 Bimetric Theory

Physical metric is deviated from Einstein metric by   
coupling additional fields.

 Additional fields (scalar, vector, tensor, etc.) 
• The additional fields have their field equations. 
• In weak field limit, these change the gravitational law. 





Relativistic MOND

 TeVeS: Tensor-Vector-Scalar Theory (Bekenstein 2004)

 GEA: Generalized Einstein-Aether Theory (Zlosnik et al. 2007)

 BiMOND: Bimetric MOND Theory (Milgrom 2009)

 Gravitational lensing Test –

Baryonic mass inferred from lensing is consistent to IMF mass. (Chu, Ko, 
Tian, and Zhao 2011, PRD)     

Hubble constant is consistent with local value from Quasar time delay.   
(Tian et al. 2013, APJ) 



Summary

Relativistic Effect – 57 Elliptical Lens

Non-Relativistic Effect – 153 Spirals, 493 Ellipticals

 The mass discrepancy (“missing mass” problem) can 
be represented as the acceleration relation.

 The Mass Discrepancy-Acceleration Relation (MDAR) 
can explain Baryonic Tully-Fisher relation.

 The MDAR of 57 Einstein Rings is consistent with 153 
spiral galaxies (Tian & Ko 2017).

 The surface density relation between lensing surface 
and baryonic surface density is consistent to 135 disks 
(Tian & Ko 2018 in prep.)



Thank You
for Attention!
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However, this leads problem of conservation law.

Thus, Milgrom in 1983 considered the modification of 
Newtonian’s second law.

𝝁(𝒈𝑶/𝒂𝟎)𝒈𝑶 = 𝒈𝑩

Modified Newtonian Gravity Law?



GEA: Generalized Einstein-Aether Theory
proposed by Zlosnik et al. in 2007



BiMOND: Bimetric MOND Theory  
proposed by Milgrom in 2009



Ultra-Diffuse Galaxy (UDG) -
NGC1052–DF2

P van Dokkum et al. Nature 555, 629–632 (2018) doi:10.1038/nature25767



Ultra-Diffuse Galaxy (UDG) -
NGC1052–DF2

P van Dokkum et al. Nature 555, 629–632 (2018) doi:10.1038/nature25767

UDG

 Re>1.5kpc

 μ(g,0)>24 mag arcsec-2

NGC1052–DF2

 Re=2.2 kpc

 μ(g,0)=24.4 mag arcsec-2



P van Dokkum et al. Nature 555, 629–632 (2018) doi:10.1038/nature25767

Kinematics in NGC1052–DF2

The 90% confidence upper limit

σintr < 10.5 km s−1  



The orange curve is the stellar mass 
component. 

Mdyn < 3.2 × 108M⊙ within Rout = 3.1 kpc

Mdyn < 3.4 × 108M⊙ within Rout = 7.6 kpc



Halo mass – stellar mass relation

NGC1052-DF2

Mstars = 3.4 × 108 M⊙

The expected Mhalo ≈ 6 × 1010 M⊙

It is about 400 higher than the upper 
limit.



P van Dokkum et al. Nature 555, 629–632 (2018) doi:10.1038/nature25767

Disfavor in MOND?

Velocity Dispersion in MOND 
without considering “external field 
effect”

σM ≈ (0.05G Mstars a0)1/4

≈ 20 km s−1





External Field Effect in MOND
The Solar system is well described 
by Newtonian Dynamics.

The center of the solar system 
rotates the Milky Way in MOND 
regime 10-10 ms-2.

Why?

𝝁(𝒈𝑶/𝒂𝟎) ∙ 𝒈𝑶= 𝛁 ∙ 𝝋



For MOND,   σ = 9.7-18.2 km s−1 



Cluster Abell 520

Abell 520 is a counter 

example of 1E 0657-558

Weak lensing mass

reconstruction matches

with the central X-ray hot

gas but leaves empty to

galaxies.

Member galaxies “X”

Bright galaxies “orange”

(Mahdavi et al. 2007)



Bullet Cluster 1E 0657-558



External Field Effect in MOND


