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Motivation .

- Phase transition:
- Type of transition o
- Characteristic properties: critical
Symmetry, Order parameters, Critical points,
Critical exponents and Universality classes,...
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Motivation

- Phase transition:
- Type of transition

- Characteristic properties:

Symmetry, Order parameters, Critical points,
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Motivation .
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- Characteristic properties:
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Motivation

To study quantum many-body system
The Hilbert space grows exponentially with system size H ~ dY
To efficient simulation (polynomial in memory and time)

To study various Hamiltonians (e.g. Bosons and Fermions) and measure
physical properties and observables



Motivation

To study quantum many-body system
The Hilbert space grows exponentially with system size H ~ dY
To efficient simulation (polynomial in memory and time)

To study various Hamiltonians (e.g. Bosons and Fermions) and measure
physical properties and observables

Find the ground state (approximation)
Measure physical observables (approximation)
exact diagonalization (ED),

Density matrix renormalization group (DMRG)

Tensor network state (simple update, full update)+
Tensor network algorithm (PEPS, TRG,SRG,HOTRG,TNR,.....)



Outline

Introduction

- Tensor network state

- corner tensor

- Symmetry protected topological order phases

The fingerprints of universal physics are encoded holographically in
numerical CTMs and CTs.

- classical and quantum Ising (quantum-classical correspondence)
- deformed symmetry protected topological order phase

- 2d quantum XXZ moftl

Quantum state renormalization in 2D using corner tensors
- chiral topological PEPS

Summary



A typical problem

We are giveﬂ: PP NP PSP \—
- A lattice with N sites 9o o o o o
- On each site a Cd — o ¢ o o o
Hilbert space | S N
- A gquantum Hamiltonian | S S
] @ @ @ ® L)
square lattice honeycomb lattice
The most general state: (W) = Y Cupsgrsn|S1:52, s SN)
S1,52,..., SN

- Exponentially large number of states: dN

Can we do better?



Matrix/Tensor Product States



Matrix/Tensor Product States

* The numerical implementation for finding the ground states of spin
systems are based on the matrix/tensor product states.

TNS
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* These states can be understood from a series of Schmidt (bi-partite)
decomposition. It is QIS inspired.

TNS



Matrix/Tensor Product States

* The numerical implementation for finding the ground states of spin
systems are based on the matrix/tensor product states.

* These states can be understood from a series of Schmidt (bi-partite)
decomposition. It is QIS inspired.

* The ground state is approximated by the relevance of entanglement.

TNS
MPS




Graphical representation

We have to deal with an N index tensor!

‘\Ij> = 031,32 ..... SN’517827°“78N>

S81,82,...4 SN

Is there a good way to represent it”

Break the wave function locally
S1 S2

S1 S2 S3 “ _qS>n m



) = Carroon |51, 52, s 5)

S$14824...,8SN

Tensor (multidimensional array
of complex numbers)

081,82,...,81\7

S1

d-level systems



W) = Z 6817827---»81\7‘31’32’""SN> d-level systems

S1,52,..

- | Break the wavefunction locally
Tensor (multidimensional array

of complex numbers) summed ancillary bond index

1...D (carriessentanglement)

081,82,...,81\7

Tensor Network

SN So KS4 SN

St
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s L physical index
Comn, = ZAaﬁBﬁvA 1,...,d (local basis)



) = Carroon |51, 52, s 5)

S$14824...,8SN

d-level systems

Break the wavefunction |locally

Tensor (multidimensional array

of complex numbers) summed ancillary bond index

1...D (carriessentanglement)

081,82,...,81\7

Tensor Network

SN So KS4 SN

St

S1

physical index

Corn = ZAZ%BE?M 1,...,d (local basis)
B

O@dN) = O(poly(N,d, D)) ¥} = D tTr(A" A% AN)|sy, 59, 55)

S$1,824...,. SN

Efficient representation, satisfies area-law,
and targets low-energy eigenstates of local Hamiltonians



Tensor network state (TNS)

Represent wave-function by the tensor network of A tensors

T = Z tTr(A°tA%2...A°N)|s1, 82, ..., SN)

bond index(1,...,D)

ijki = —/Qik

physical index(1,...,d)



Tensor network state (TNS)

Represent wave-function by the tensor network of A tensors

T = Z tTr(A°tA%2...A°N)|s1, 82, ..., SN)

bondlndex

;i t tat
zjkl I # gquantum state
V)

physmal index(1,...,d)

Tensors are local building blocks for
the guantum state (like a DNA, or LEGO)



An example:
D Affleck-Kennedy-Lieb-Tasaki state state

e The Spiﬂ-1 chain [Affleck, I., Kennedy, T., Lieb, E.H., Tasaki '87,88]
* The Hamiltonian of the AKLT point is H = Z S Sz+1 + — (§§+1)2

* Jensor network states provide a useful numencal tool

R TR D s
——eo :ﬁ(lTl)—HT))
O =1+t + 0By

TNS with
W)= Y Tr(A% AR AY)s1, 50,0, 5N) d=3: D=2

81,8244, SN ’
s=+1 1. s=—1 1. s=0 —

2




—ntanglement

Entanglement == key resource in quantum information

. 2- dimensional system © 6 0_0
R ity matri ©:. 0,0 .0
ofe S&Jgsi(/jstdeenrw]sﬁl\y T pa = trp([W)(P) A

©: 0 L0 0

Entanglement entropy S(A) — —tr(pA log pA) O QC O

For many ground states —} S(A) ~L (L>¢§)

In d dimensional system

Gener/CS(A) o Td Ground state S(A) N Ld_l

state of local Hamiltonian

[Srednicki, Plenio, Eisert, DreiBig, Cramer, Wolf...]



TNS obey area law




TNS obey area law




lout(a)) o= (Q1,Q2, ..., A4y, 1, Q4],)






size of the boundary



Infinite system

finite TNS infinite TNS

[F. Verstraete, |. Cirac 06']

Unit cell of tensors is repeated
periodically over the whole PEPS:
translational invariance

[J. Jordan, R. Orus, G. Vidal, F. Verstraete, I. Cirac, 08]



Tensor network algorithm

Structure (Anstaz)

S

Find the best ground
stats Compute observable

iterative optimization | * Imaginary time
of individual tensors : | evolution
(energy minimization):

Contraction of the
tensor network
exact / approximate



Determine the observables

(T|O]¥)




Contracting the infinite 2d lattice

W

Zz

(double indices)

Y

To determine observables

Contraction of this infinite lattice



Contracting the infinite 2d lattice

from infinite TNS corner transfer matrix

half-row
transfer matrix

half-column
transfer matrix

Renormalized Corner Transfer Matrices
CTM method

[R. Orus, G. Vidal,09’, R. Orus,12’]



CTM method

[R. Orus, G. Vidal,09’]

(a)

Eﬁ—'

(e) &

(c)




Outline

The fingerprints of universal physics are encoded
holographically in numerical CTMs and CTs.

- classical and quantum Ising (quantum-classical correspondence)
- deformed symmetry protected topological order phase

- 2d quantum XXZ model



Corner tensor



Corner tensor

+ Corner transfer matrices (CTMs)
method can be used to study

physical system.
[R. J. Baxte 1968; T. Nishino and K. Okunishi 1996; R. Orus 2012]
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method can be used to study

physical system.
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- CTMs can be defined for any 2d
tensor network



Corner tensor

Z =tr(C1C,C3Cy),

+ Corner transfer matrices (CTMs)
method can be used to study

physical system.
[R. J. Baxte 1968; T. Nishino and K. Okunishi 1996; R. Orus 2012]

- CTMs can be defined for any 2d
tensor network

v The Partition function of
classical lattice model



Corner tensor

Z =tr(C1C,C3Cy),

+ Corner transfer matrices (CTMs)
method can be used to study

physical system.
[R. J. Baxte 1968; T. Nishino and K. Okunishi 1996; R. Orus 2012]

- CTMSs can be defined for any 2d

tensor network [4(0)) —f—f—f—f—
U(6r)

U(6T)

v The Partition function of
classical lattice model U(67)

v The time-evolution of a 1d
qguantum system

OO O

=
0= O-O- O

~
0= OO <O
Or OO~ O

[R. Orus 2012]



Corner tensor

Z =tr(C1C,C3Cy),

+ Corner transfer matrices (CTMs)
method can be used to study

physical system.
[R. J. Baxte 1968; T. Nishino and K. Okunishi 1996; R. Orus 2012]

- CTMs can be defined for any 2d
tensor network

(|v) .
v The Partition function of ~ /
classical lattice model OO0 0 *
O—CO—O—0O-0O
v The time-evolution of a 1d p -w W
qguantum system < )
v The norm of 2d PEPS O—C )
p

O
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Corner tensor

- Corner transfer matrices and corner tensor contain a great amount of
holographic information about the bulk properties of the system



Corner tensor

Corner transfer matrices and corner tensor contain a great amount of
holographic information about the bulk properties of the system

Bulk information is encoded at the “boundary” corners - similar to
“‘entanglement spectrum” and “entanglement Hamiltonians

[H. Li and F.D.M. Haldane 2008; J. I. Cirac, D. Poilblanc, N. Schuch, and F. Verstraete 2011]
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Corner transfer matrices and corner tensor contain a great amount of
holographic information about the bulk properties of the system

Bulk information is encoded at the “boundary” corners - similar to
“‘entanglement spectrum” and “entanglement Hamiltonians

[H. Li and F.D.M. Haldane 2008; J. I. Cirac, D. Poilblanc, N. Schuch, and F. Verstraete 2011]

For example, Peschel showed that the entanglement spectrum of a
guantum spin chain is identical to the spectrum of some Corner
transfer matrices in 2d

[I. Peschel, M. Kaulke, and O. Legeza 1999: |. Peschel 2012]



Corner tensor

Corner transfer matrices and corner tensor contain a great amount of
holographic information about the bulk properties of the system

Bulk information is encoded at the “boundary” corners - similar to
“‘entanglement spectrum” and “entanglement Hamiltonians

[H. Li and F.D.M. Haldane 2008; J. I. Cirac, D. Poilblanc, N. Schuch, and F. Verstraete 2011]

For example, Peschel showed that the entanglement spectrum of a
guantum spin chain is identical to the spectrum of some Corner

transfer matrices in 2d

[I. Peschel, M. Kaulke, and O. Legeza 1999: |. Peschel 2012]

1d quantum Ising model

L-1 L-1
— [i] [L] [i] [i+1]
Hq——ZO'x — 00, —)»ZO’Z o, ",
i=1 i=1

[quHC] =0

>

2d classical Ising model Hc
with an isotropic coupling K

8§ = cosh2K and )\ = sinh’ K,




Corner tensor



Corner tensor

corner transfer matrix
. . from infinite TNS /\
Start from a Hamiltonian wfi
or a wave function
- form a tensor network
- use CTM method to

study the properties of
ground state

--- half-row AN
)— - transfer matrix T4 p T2

half-column _——

transfer matrix

[R. Orus, G. Vidal,09’, R. Orus,12’]



Corner tensor

corner transfer matrix

. . from infinite TNS /_\
Start from a Hamiltonian Sl 1w L] L

or a wave function

- form a tensor network

- use CTM method to
study the properties of
ground state

k half-row
y— transfer matrix

half-column _——

transfer matrix

We then use these corner [R. Orus, G. Vidal,09’, R. Orus,12’]
tensor (e.g. corner entropy) to

pinpoint quantum phase

transitions



Corner tensor

corner transfer matrix

. . from infinite TNS /\
- Start from a Hamiltonian T T .
or a wave function @

- form a tensor network A reduced density matrix p of |,
- use CTM method to a system can be given, and ﬂ@

study the properties of we have
ground state corner spectra and corner
entropy

- We then use these corner [
tensor (e.g. corner entropy) to
pinpoint quantum phase

transitions 2d TN a) 3d TI(\I))

0 _ +p o

b PP P

it




CTM from tensor network (TN)

For 1d quantum: from Hamiltonian =» (1+1)d TN
U(éT)

U(éT)

CTM method

-
O O-O- O
o= O-O- O
O OO -0

[R. Orts 2012]



CTM from tensor network (TN)

For 1d quantum: from Hamiltonian =» (1+1)d TN
U(éT)

U(éT)

CTM method

O OO =0
O OO O
O OO O

[R. Orts 2012]

->+p-}

corner spectrum



CTM from tensor network (TN)

For 1d quantum: from Hamiltonian =» (1+1)d TN
U(éT)

U(éT)

[R. Orus 2012]

corner spectrum

V)
f—>+p-> ”

entanglement spectrum



CTM from tensor network (TN)



CTM from tensor network (TN)

- For 2d quantum:
from Hamiltonian =» (2+1)d TN



CTM from tensor network (TN)

- For 2d quantum:

from Hamiltonian =» (2+1)d TN
from wave function

(@) use the 2d quantum state renormalization =» 3d TN
(b) the norm of PEPS =» 2d TN



CTM from tensor network (TN)

- For 2d quantum:

from Hamiltonian =» (2+1)d TN
from wave function

(@) use the 2d quantum state renormalization =» 3d TN

(b) the norm of PEPS =» 2d TN

For 2d classical:
partition function =» 2d TN




CTM from tensor network (TN)

- For 2d quantum:

from Hamiltonian =» (2+1)d TN
from wave function

(@) use the 2d quantum state renormalization =» 3d TN
(b) the norm of PEPS =» 2d TN

For 2d classical: - For 3d classical:
partition function =» 2d TN partition function =» 3d TN

=

1




CTM from tensor network (TN)

- For 2d quantum:

from Hamiltonian =» (2+1)d TN
from wave function

(@) use the 2d quantum state renormalization =» 3d TN
(b) the norm of PEPS =» 2d TN

For 2d classical: - For 3d classical:
partition function =» 2d TN partition function =» 3d TN

A reduced density ﬁ_ﬁ
matrix p of a system @ @ ﬁ
can be given, and —> + 0

we have @ @

corner entropy ﬁ? i

corner spectra and




CTM from tensor network (TN)

rner rum
- For 2d quantum: corner spectru

from Hamiltonian =» (2+1)d TN |
entanglement spectrum

I
I
I from wave function |
I
I

(@) use the 2d quantum state renormalization =» 3d TN |

(b) the norm of PEPS =» 2d TN

For 2d classical: - For 3d classical:
partition function =» 2d TN partition function =» 3d TN

A reduced density ﬁ_ﬁ
matrix p of a system @ @ ﬁ
can be given, and —> + 0

we have @ @

corner entropy ﬁ? i

corner spectra and




1d quantum Ising
universality class

- 1d quantum Ising model:

Hy =~ oot Y ol
] ]

T T + T iy T

+ 4 TR T et 0.6

+, LR + :
AT 1 s T

7 R Rt 10.4
+y + ++ s
- +t -

+y +

(b) |

t(h)
+ F +




1d quantum
universality c

SiNg
ass

- 1d quantum Ising model:

JHq=“—§:0§%ﬁHﬂ‘<h§zofL
i i

(a) Entanglement spectra and the
entanglement entropy obtained from

ITEBD




1d quantum Ising
universality class

-+ 1d quantum Ising model: (a)
s + S T F + o T
10 | T TR ine oL [ X
. . 1 .
H, g = Z UJE Z]O—JEZ = h Z o z[ : ) +++ n +++ ! I+I++++++++++++++++++"'—
i l N3 4 % ++ ++ ++ ++I ++++++ N 0.4 cr
/< 10 +4 + B
(a) Entanglement spectra and the : :
entanglement entropy obtained from 0.0 0.5 1.0 1.5 2.0
TEBD (b) t(h)
E + S T +'|'"|' + +‘I' T ++-|-r
10° ¢ * T III +++:: T 106
+

(b) The corner spectrum obtained from
the time-evolution of a 1d quantum
system




1d quantum Ising
universality class

- 1d quantum Ising model: (a)
a . ++ T -|-++ '|'+ + ++++ +'I'++ " il ++++ +++'|'-r ] O 6
_ (i1 Li+1] _ [i] 107 ¢ - b BT T
H q — Z Ox Oy h Z Uz ’ Ty N +++++ ++I++++:+++++++++"‘+ o4
i j T 0 They T et o
+
(a) Entanglement spectra and the : . N NETE
entanglement entropy obtained from 0.0 0.5 1-}? 1.5 2.0
TEBD (b) t(h)
F + S o - T+, T+ T il T
108 | + +, ++++ IIIJ{I A Lt » 0.6
: +++ k - ++ H++++ i ot +++++"‘++
(b) The corner spectrum obtained from 3 104 | e, j;++ + 194 o
the time-evolution of a 1d quantum +++++W 0.2
system , e
. (C) T ¥ = T
- 2d classical model Lo i ++ +++"' I+I+:++++ +++++++++ 06
3 + + + + At
+ +, + + 4F At
z + + + 4 F et
; - + TS _
(c) To compute the corner spectra from STl o, e Bt 0-4
the partition function — Py




1d quantum Ising
universality class

- 1d quantum Ising model:

Hy ==Y ollolitll _ p 3 gl
] ]

(a) Entanglement spectra and the
entanglement entropy obtained from

ITEBD

(b) The corner spectrum obtained from
the time-evolution of a 1d quantum

system

- 2d classical model

(c) To compute the corner spectra from

the partition function

all spectra match perfectly between the
different calculations, since the different
models can be mapped into each other

exactly.
(a) + 0T, T+ T4 T P
g 4 .+ T 4t 0.6
107 | + +, b e e
+ ot gt ettt
ty o AR AT T
+ + T 10.4
Ng -, iy + 4t S
/< 10 +4 +t

0.0 0.5 1.0 2.0
F T ¥ I, F 5T Sk FFT
: N + P et gt
-8 + + + _+F A+ 0.6
107 | + +,  F AR AT 1
+ +, + Fp 4T T _|.++++++
+ P HI e
3 ++ + +.|.+ .|.+++ 410.4
3 104 Ty, Rt YA
10 " F +y oy +
- .
+ _HTW 0.2

- + T 1 T
o L R A S 0.6
10° | + o F e T Y
T + AR T

S ++ + + \ ++ ++ 10.4 o

310" | Ty o -
oy,
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The quantum-classical correspondence

- The corner energies for a variety of qguantum and classical systems
— the correspondence between d-dimensions quantum spin systems

and classical systems in d+1 dimensions

(@) The partition-function method

(b) Peschel’'s method
(c) Suzuki's method



The quantum-classical correspondence

- The corner energies for a variety of qguantum and classical systems
— the correspondence between d-dimensions quantum spin systems
and classical systems in d+1 dimensions

(@) The partition-function method

(b) Peschel’'s method
(c) Suzuki's method

- The main idea is that, for a d-dimensional quantum Hamiltonian HQg at inverse
temperature B, the canonical quantum partition function Z, = tr(e=#"a)
can be evaluated by writing it as a path integral in imaginary time

Zg = (e Py =3 (m|e~P"|m),

with [m) a given basis of the Hilbert space.



The partition-function method g 8

T field Isi del in d di i °
‘ ransverse Tie SINg Mmaoael 1IN Mension

’ <JT>KyE O

Hy=-J.) ool —J, Za[’]—H + H,, 20

(i,j) T

- The canonical quantum partition function of this model
Z, = tr(e” "”")—Z({nz}le Pal(n)),
- Splitting the | |mag|nary time 3 into infinitesimal time step §r

({n(r +461)}|e” &qu{nz(l’)})
~ ({n°(t + 81)}e e | {n (T)})
— e—&Hz({'k(t)})({nz(t + 5‘[)}|e_8tH’|{772(‘[)}),



The partition-function method

Transverse field Ising model in d dimension

H, = —J. ZGM [/] —J, Za[tl — H, + H,,
(i,))

The canonical guantum partition function of this model

Z, = tr(e P )—Z({nz}le PHa|{n,}),

Splitting the | |mag|nary time 3 into infinitesimal time step §r

({n:(T 4 8T)}|e™" | {n ()})
~ ((n°( +80)} e e | {n* (1))

= ¢ THOD (12 (7 1 §7)} e Hx | {3 (1)),

Zy~ Y Clek aiin W ) g e X ntlCarintl(z)
b ]
{n}

where the “coupling constants™ along the imaginary-time (7)
and space (s) directions are given by

J. = tanh~!(e=%"%)  J, = J.8.

Therefore, the canonical quantum partition function of a
d-dimensional quantum Ising model with a transverse field
at inverse temperature B can be approximately represented
by the classical partition function of a (d + 1)-dimensional
classical Ising model of size B in the imaginary-time direction.




The partition-function method ©000O0
co0o0o0O0
. . | | | O O0O0OO0O0
- Transverse field Ising model in d dimension o © 00 0
Hy=—J. ) ool = 1.} ol = He + Hi, T g—o 00O
(i,7) i K:I: (Js)

-+ The canonical quantu —
The exact correspondence arrives if we take the number

Z, = tr(e”PMa) = Z({"Z}le of sites L in the imaginary time direction to be infinity,
n- giving 6 = B/L — 0, and then the corresponding classical
- Splitting the imaginary model has the couplings J; — 0 and J; — 00.

({nz(x + 1)} e | {n (1)}
~ ({*(t + 81)} e e e {0 (1))
— e—StHz({nz(t)})({nz(t + 6t)}|e_8tH‘|{nZ(T)}),

i (il i i
Zq A~ § : CIeJ, za.(i,j) ,,[zll(ta)rk ('q,,)eJr > i n£‘1(1a+|)n§‘l(fa),

= Therefore, the canonical quantum partition function of a

d-dimensional quantum Ising model with a transverse field
where the “coupling constants™ along the imaginary-time (7) at inverse temperature B can be approximately represented
and space (s) directions are given by by the classical partition function of a (d + 1)-dimensional

1, - classical Ising model of size B in the imaginary-time direction.
J; = tanh (e ") J, = J.éT. & p stnaty




The guantum-classical
correspondence

- 1d quantum Ising model:
H, = — ZUB]UBH] ] ZGZ[”’
i ]

(a) Entanglement spectra and the
entanglement entropy obtained from
ITEBD

2d classical isotropic Ising model
1/h =sinh®* K

(b) To compute the corner spectra from the
partition function

2d classical anisotropic Ising model

(c) (d) To compute the corner spectra from
the partition function
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The guantum-classical
correspondence

- 1d quantum Ising model:
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i ]

(a) Entanglement spectra and the
entanglement entropy obtained from

ITEBD

2d classical isotropic Ising model
1/h =sinh* K

(b) To compute the corner spectra from the
partition function

2d classical anisotropic Ising model

(c) (d) To compute the corner spectra from
the partition function
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2d quantum Ising @ s
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Phase of matter

Conventional phases of matter: understood through
spontaneous symmetry-breaking

=> |ocal order parameters: distinguish different phases

[Landau

New phases of matter: e.g. Fractional guantum Hall effect
NoO local order parameters

NO symmetry breaking

[Tsui, Stormer, & Gossard '82]

intrinsic Topological Order | Symmetry protected topological order

2D Zo Toric code 1D Haldane phase
Ground state degeneracy NO
Fractional statistics of quasiparticles NO
Topological entanglement entropy NO

Long range entanglement Short range entanglement
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Symmetry-protected topological order

Ground state does not break symmetry G (no local Landau order
parameter)

Ground state is adiabatically connected to product state if symmetry is
not respected- nontrivial short-range entanglement structure

Unique ground state on periodic boundary, Usually gapless edge
excitations

Example: Topological insulator, Haldane phase in spin-1 chain

2D topological insulator 3D topological insulator



Prominent example of SPT state:
1D Affleck-Kennedy-Lieb-Tasaki state

Each site: spin-1 . 1
singlet = EIM — 1

c .\ J .\ J [AKLT '87,88]

1 1 T = [1,s =+1)
Project inta) & 9 =0 @@ 1) = [1,s = —1)

symmetric subspace 1

of two spin-1/2 (qubits) \/§’N/> — 1) =[1,s =0)



Prominent example of SPT state:
1D Affleck-Kennedy-Lieb-Tasaki state

Each site: spin-1

" ‘

- o @

I 1
Project into} & 5 =0&

symmetric subspace
of two spin-1/2 (qubits)

e =gt
> & |
M) = [Ls = +1)

1) = [Ls = —1)
TSIt = i) = L5 =0

- Unigue ground state on periodic chain; 4 gapless edge states if open

H = Z[S SZ+1-|— (§

)

“1=9 Z PZ(§+12)



Prominent example of SPT state:
1D Affleck-Kennedy-Lieb-Tasaki state

Each site: spin-1 e ]
singlet = ﬁﬁ@ — 1)

c 2 3 2 J [AKLT '87,88]

1 1 1) = 1,5 = +1)
Project inta) & 9 =0 @@ 1) = [1,s = —1)

symmetric subspace

1
of two spin-1/2 (qubits) ﬁ”@ - \¢T> = ‘17 S = O>

Unigque ground state on periodic chain; 4 gapless edge states if open

H = Z[S Sz+1 + = (g ) QZPz(f—l—f)

SO(3) fractionalizes to SU(2) (i.e. spin-1/2 representation) at open ends =»
projective representation as signature of 1D SPT



Characterization of 1D SPT phases

- Hamiltonian and ground state |¥go) with symmetry G
Ug  Ug  Ug Ug Ug

Ugl®o) V@ - @V,
- bulk: Linear on-site representation UgUn = Ugn  (e.g. spin-1)
- boundary: Projective representation Vg (e.g. spin 1/2)

A projective representation respects group multiplication

Vth — w(gv h)Vgh
»U(1) phase [i.e. 2-cocycle]

- 1D nontrivial SPT phases are characterized by projective representation of
symmetry action at one end

- Classified by the second conomology group H?[G, U(1)]



—xample: spin-1 chain

H =[5, 841 + D(S7)?]

1

Haldane 0)]0)...|0) w

S — " D
G =Gy, 1  Gu=Gy U(g) = [u(g)]®Y, g € G

* RX, Rz rotation symmetry: Rx Rz =Rz Rx Ulg1)U(g2) = U(g192)

 Haldane phase

Rx, Rz rotation symmetry represented by s=1/2 Pauli matrix

* Large D phase
Rx, Rz rotation symmetry representedby [ = w = 1

* The second cohomology group H?[Zs X Zo,U(1)] = Zs



2D SPT phases: characterization

* Characterized by obstruction of symmetry
action on boundary with open ends U(g) = [ulg)]®Y, d € G
)

- on closed 2d manifold: U(g)|¥) = |)

- open 2d manifold =symmetry action on

boundary C C Uc( )|¢c> |¢c>

- consider region M of C = symmetry

action 2 @ M
Uni(91)Un(g2) = g1, 92)Uni (91, 92) ®b

- Associativity = 3-cocycle [a U(1) phase]

Qe (91,92)2(9192, 93) = @(91, 92, 93)Qa(92, 93)2a(91, 9293)
\

3-cocycle (a U(1) phase )




2d SPT phases: CZX model

e CZX model: nontrivial SPT
order protected only by on-
site /2 symmetry.

e Onsite Z2 symmetry:
Uczx = UxUcyz
Ux = X1 ® Xo® X3® Xy
Ucz = CZ12CZ23C Z34C Z 43

* The Hamiltonian:
H,=-X,9Pf PP, P}
X4 = |0000)(1111] + |[1111){0000|
P, = [00)(00| + [11)(11]

* The ground state: every four spins
around a plaguette are entangled
In the state

4h,) = 0000) + [1111)

00
QO

(c)
[ Chen & Wen 2012]



* non-trivial edge state

e The effective symmetry action on

the boundary of CZX model can

be expressed as MPO

TOY(CZX) = |0)(+],
TY(CZX) = |1)(—|,
other terms are zero

Tnggz — P(gl,gz)T9192

T%9(I) =
THYI) =
other terms are zero

e 3-cocylce for the group
generated by UCZX

o(I,1,I)=1
S(I,CZX, 1) =1

10)(0],
10)(0],

o(I,1,CZX) =1
H(CZX,I,1) =1
o(I,CZX,CZX) =1 ¢(CZX,CZX,I) =1

6(CZX,1,CZX) =1 ¢(CZX,CZX,CZX) =

O

[Chen & Wen 2012]

(a)

¢~

(b)

_te)  — blg g2 ga) [T
P
T(g,)**2 T(g, ) Pe,, 8283]-
T(g‘) P8182,83 (o _\‘ 32 3|

(a) (b)

P91,92 P9192793 —
gb(g1, g2, 93)P92,93P91,g293

nontrivial 3-cocycle for the Z2 group



Classification of (symmetry protected) topological order

phase

+  For bosonic system:
Topological order
— Tensor category

Symmetry protected
topological order
— Group cohomology

[Chen, Gu,Liu & Wen 2013]

Symm. group d=0 d=1 d=2 d=3
z¥ A Zs 7, VA
Z¥ x trn 7, Zo 73 74
Zn 7, 7, Z, 7,
Zn X trn Z, Z., 72 z,
U(1) z 7, Z 7,
U(1) x trn z z z? z*
U(l) x Z3 Z 7 7 72
U(1) x Z§ x tn Vi 7 x 7o Zx73 Zx78
U(1) x Z3 74 Z3 74 73
U(1) x Z¥ x trn 7, 73 75 73
U(1) x Z2 Zs Zs Z x 7o Z
U(1) X Zo Z x Zy 7, Z x 7% 7,
Zp ¥ 77 Z, Zs X Z(a,n) 7%, ) Zy x 1L},
Zn x ZF Z(2,n) Lo X Z(2.n) Z%Q,n) 22 x Z?Zn)
Zn X Zs Zy X Z(2,n) Ziom) Zn X Ly X Z(zp) 7%y
Zm X Zn Ly X Ly, Z(m,n) Ly X L X L(m,m) 77
Dy x ZT = Doy, 73 74 75 VA
T X Zn % 23 Zamy X Loy L2 X Zzm) X L2y X LZmm)  Liomm) X Liom) X Liamy L2 X Ly )y X Ligmy X Lz py
SU(2) Z, Z, Z 7,
SO(3) 7, 7 A 7,
SO(3) x trn 7, Zo Zx73 73 x 73
SO(3) x Z3 7, Z3 Z z3
SO(3) x Z3 x trn 7, 73 73 732




Classification of (symmetry protected) topological order
phase

* For bosonic system: o o
Z3 y4) Zs y4) Zs
. T 2
Topological order S . 5 ” 5
Zn X trm Z, z s z;,
— Tensor category v z z z z
U(1) x trn z z z? z*
U(l) x Z3 z Zs Z> 73
U(1) x Z§ x tn Vi 7 x 7o Zx73 Zx78
U(1) x Z3 7y Z3 74 73
U(1) x Z3 x trn 4} 73 73 75
U(1) x Zo Z, Z, 7 x 7o Zs
Symmetry protected U * 2, 2x2, 2 2x73 z
Zp ¥ 77 Z, Zs X Z(a,n) 7%, ) Zy x 1L},
-t p | g | d Zn x ZF Zom) Z3 % Z(a.m) 2% ) Z3 x T2 09
O O O ICa Or er Zn X Za Zy X Z(2,n) Ziom) Zn X Ly X Z(zp) 7%y
Zm X Zn Ly X Ly, Z(m,n) Ly X L X L(m,m) 77
— Group cohomology ;"  “. .
T X Zn % 23 Ziam) X Zam)y Za X Zam) X L2y X Limm)  Ligymm) X Liamy X Liamy L2 X Ly ny X Ligmy X Lo )
SU(2) y4) y4) z 7,
SO(3) 7, Z, z Z,
SO(3) x trn 7, Zo Zx73 73 x 73
SO(3) x Z3 7, Z3 Z z3
SO(3) x Z3 x trn VAl 73 75 732

[Chen, Gu,Liu & Wen 2013]

Question: Numerically, how to detect different topological order phases and
phase transition?



Classification of (symmetry protected) topological order
phase

* For bosonic system: o o
Z3 y4) Zs y4) Zs
: T i La Z2
Topological order P - . = .
rm I A 7 7,
— Tensor category % : : 7. .
U tz z z 2 z*
U(l) x Z3 z Zs Z 73
U(1) x Z§ x tn Vi 7 x 7o Zx73 Zx78
U(l) x z§ Z, 73 7, 73
U(1) x Z3 x trn 4} 73 73 z5
U(1) x Zo Z, Z, 7 x 7o Zs
Symmetry protected U * 2, 2x2, 2 2x73 z
Zp ¥ 77 Z, Zs X Z(a,n) 7%, ) Zy x 1L},
-t p | g | d Zn x ZF Zom) Z3 % Z(a.m) 2% ) Z3 x T2 09
O O O ICa Or er Zn X Za Zy X Z(2,n) Ziom) Zn X Ly X Z(zp) 7%y
Zm X Zn Ly X Ly, Z(m,n) Ly X L X L(m,m) 77
— Group cohomology ;"  “. .
T X Zn % 23 Ziam) X Zam)y Za X Zam) X L2y X Limm)  Ligymm) X Liamy X Liamy L2 X Ly ny X Ligmy X Lo )
SU(2) y4) y4) z 7,
SO(3) 7, Z, z Z,
SO(3) x trn 7, Zo Zx73 73 x 73
SO(3) x Z3 7, Z3 Z z3
SO(3) x Z3 x trn VAl 73 75 732

[Chen, Gu,Liu & Wen 2013]

Question: Numerically, how to detect different topological order phases and
phase transition?
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- What is transition between two SPTk phases”?

- Three scenarios between two SPT phases

w  SPT? SPTO

*}\

2  SPT] SPTO

@ OSPT ss8 SPTO

continuous

first-order

[Tsui,Jiang,Lu& Lee 2015]
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- What is transition between two SPTk phases”?

- Three scenarios between two SPT phases

w SPT! SPTO |
———————————— -\ CONtINUOUS
PT
5 A >  —— SPTY »  first-order

@ SPT! sse SPTO

[Tsui,Jiang,Lu& Lee 2015]

- To study phase transition from the corner structure of the norm of quantum state



Transition between SPT

- What is transition between two SPTk phases”?

- Three scenarios between two SPT phases

/p_SPT SPTO
A continuous

1
@ PSP fistorder

@ SPT! sse SPTO

[Tsui,Jiang,Lu& Lee 2015]

- To study phase transition from the corner structure of the norm of quantum state



Transition between SPT

The wave function

W) =) tTr(A® A..® A)ls1, 52, ...).

Si

where Als,s;.ss1 IS a tensor Si—ﬁs S5

The Z> SPTk (t=+1,-1) wave function

A[0,0,0,0] = A[1,1,1,1] = A[0,0,1,1] = A[1,1,0,0] = 1,
A[1,0,0,1] = A[0,1,1,0] = A[0,1,0,1] = A[1,0,1,0] = 1,
A[0,0,1,0] = A[1,1,0,1] = A[1,0,0,0] = A[0,1,1,1] = 1,
A[0,1,0,0] = A[0,0,0,1] = ¢,

A[1,0,1,1] = A[1,1,1,0] = |¢].

tune parametert

t=1 > Z» SPTO; t=-1-> Z» SPT'



----------------------------------

0 0 1 1 0 1 1 _Q__é
'y offo 1}t ¢ 1}]lo  offr:
Transition between SPT T — ;
01 1110 0f10 1111

0 0 1 1 1 0 0 1 o
The wave function JRR— cemes  sesssssesess
1 1 ofto 1§10 0f11 '
W) = ZtTfr(A R A...Q A)ls1, s2,...). .

Sq

where  Afs;.s: is a tensor ?ié'sz_zz b ol ol L
Lsi»jSks51] 4_547 S3 i offo 1}]1 io 1 1}]o ¢

5 It t il t
The Z> SPTk (t=+1,-1) wave function

A[0,0,0,0] = A[1,1,1,1] = A[0,0,1,1] = A[1,1,0,0] = 1,
A[1,0,0,1] = A[0,1,1,0] = A[0,1,0,1] = A[1,0,1,0] = 1,
A[0,0,1,0] = A[1,1,0,1] = A[1,0,0,0] = A[0,1,1,1] = 1,
A[0,1,0,0] = A[0,0,0,1] =1,

A[1,0,1,1] = A[1,1,1,0] = |z].

t=1 = Zo SPTY; t=-1 > Z, SPT'



----------------------------------

: 0 0 1 1 0 1 1 Oj
'y B voollo ot v oljo o}t
Transition between SPT el e
0 1 1 0 E : 0 0 1 1 :

0 0 1 1 1 0 0 1 o
The wave function goesaseseees muny,  guesssssmees
' 1 0fto0 1110 0f11 :
= ZtTT(A R A.. ® A)‘Sl, S9, > S < :‘._0.__?_-__1__-.1--'5 E‘__1____0____C_)___1__j

Si

where  Afs;.s; is a tensor S, - e ol ele b
[5i.8,5k51] 4‘754 LS-” 3 l0011: ‘0110.

. It t It t
The Z> SPTk (t=+1,-1) wave function

A[0,0,0,0] = A[1,1,1,1] = A[0,0,1,1] = A[1,1,0,0] = 1,
A[1,0,0,1] = A[0,1,1,0] = A[0,1,0,1] = A[1,0,1,0] = 1,
A[0,0,1,0] = A[1,1,0,1] = A[1,0,0,0] = A[0,1,1,1] = 1,
A[0,1,0,0] = A[0,0,0,1] =1,

A[1,0,1,1] = A[1,1,1,0] = |z].

t=1 = Zo SPTY; t=-1 > Z, SPT'

symmgtry 7, SPT! 7, SPTO symmetry
breaking breaking




Transition between SPT

The wave function

= ZtTr(A ® A...® A)|s1, S2,...).

Si

where  Afsisj.ses] IS @ tensor s:—s? Ss

Ss S;3

The Z> SPTk (t=+1,-1) wave function

A[0,0,0,0] = A[1,1,1,1] = A[0,0,1,1] = A[1,1,0,0] = 1,
A[1,0,0,1] = A[0,1,1,0] = A[0,1,0,1] = A[1,0,1,0] = 1,
A[0,0,1,0] = A[1,1,0,1] = A[1,0,0,0] = A[0,1,1,1] = 1,
A[0,1,0,0] = A[0,0,0,1] =1,

A[1,0,1,1] = A[1,1,1,0] = |z].

tune parametert

t=1 = Zo SPTY; t=-1 > Z, SPT'

Symmgtry 7, SPT! 7, SPTO symmetry
breaking breaking




Transition between SPT

The wave function
W) :ZtT'r(A@A...®A)\31,32,...>. 6
) . slié 25
where  Alsisises] IS @ tensor S L e
Se S,

The Z> SPTk (t=+1,-1) wave function

A[0,0,0,0] = A[1,1,1,1] = A[0,0,1,1] = A[1,1,0,0] = 1,
A[1,0,0,1] = A[0,1,1,0] = A[0,1,0,1] = A[1,0,1,0] = 1,
A[0,0,1,0] = A[1,1,0,1] = A[1,0,0,0] = A[0,1,1,1] = 1,
A[0,1,0,0] = A[0,0,0,1] = ¢,

A[1,0,1,1] = A[1,1,1,0] = |¢].

tune parametert

t=1 > Z» SPTO; t=-1-> Z» SPT'

Where is the transition point?

Symmgtry 7, SPT! 7, SPTO Symmgtry
breaking breaking
N S I Sy
oo 0 {




2d corner phase transition

The reduced corner spectra and entropy of the double-layer tensor
defining the norm via the directional CTM approach
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2d corner phase transition

The reduced corner spectra and entropy of the double-layer tensor
defining the norm via the directional CTM approach

+
1010 | . . . . . . 2.0 - 0
; + 4 + T T + t 11.9 <§b ‘!9

10° |
i + 27 o - +
3 + + i\ + + _18 . | | d
| PO - ocal order parameter
6E+ | 4+ + + | + + 4 :
a TR ] LR 1, and modular T matrix
= 4 A I + |
\t@ '+ % + + + :l:,’ \\* + + + % O)
3 104_ H+ + + +’¢+¢\+ + + il 11.6
+ ! o - I
E oo T * * -|\-\ * T 4n
Lt L [FTRRE + )
5 SRR +ﬁi + liil.+ + 915
2 b oy | +\ '
10 2% ea A
- = o o
3+++++E$m&w&¢ﬂﬁ+++++++++++E$m&&w¢ﬂ§++++2L4
10° |

1.3

20 -15 -10 -05 00 05 1.0 15
g

[C.-Y. Huang and Tzu-Chieh Wei 2016]



2d corner phase transition

Zd. quantum .XXZ modgl m d Hy ==Y (ool +o6llol — Aclloll) = n S ol
uniform z-axis magnetic field i) :
' . Neel spin-flipping fully polarized
A first-order spin-flop quantum |, _ Phase  phase | phase
'y i + Tt :F¢ 1 '
phase transition from Neel to | Bt
spin-flipping phase 0% | | ¥ 10.10
Another critical value at 106} 5 S |00
_ g 3 I+, g +
hs = 2(1 + A), the fully =, | s e ] :+ 10.06
polarized state is reached. 310 et et o o]
| ity Tt
| N +++++++++++++ o +++ | 10.04
10—2 _ : +:ﬁ++++.|. +:|:'|'|+
- : unnnn : 10.02
_ 100 EI . i og mggﬂnnn '!'
] o]I:II:II:II:II:II:II:II:II:II:T_II-I:II:II:II:II:II:II:II.;.l |2 |3 4 |5 60 O O
i h




Quantum state
renormalization scheme



Quantum state
renormalization scheme

- The basic idea Is to remove
nonuniversal short-range
entanglement related to the U) = X
microscopic details of the
system




Quantum state
renormalization scheme

- The basic idea Is to remove
nonuniversal short-range
entanglement related to the Uy = i
microscopic details of the
system

- The fixed-point wave function
we make use of corner tensors



Quantum state
renormalization scheme

- The basic idea Is to remove

nonuniversal short-range

entanglement related to the U) = i

microscopic details of the
system

- The fixed-point wave function

we make use of corner tensors

- The procedure is similar to the

CTM approach but this time
acting directly on the PEPS,
which is single layer, and not
on the TN for the norm, which
IS double layer.
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Chiral topological corner
entanglement spectrum

SU(2)k WZW chiral edge state is Aoy = M —ike Ay ig =~k tila,
known to be critical and has a Ao = —ho;
chiral gapless edge described ATGo == —ida, AL =M +ika
by a SU(2) Wess-Zumino- AV = g
Witten (VW) CF. A =i AR = M—ih, AT =he
It can be represented by 2d Aoiia = hitita, Ajly =hi—ida AT, = o
PEPS with D = 3 on a square AT oo =hFida, Algg=h—ika, A o= o
lattice exactly. Agoar =M +iry, Afiso=r—ira, Aliae= 2o
Afsio=—h—ire, Alsge=—M +ika,
A(l),/22,0,1 = —Ao;
Ai,/g,o,z = —A1 —1Ag, A(l),/g,u = —A1 + i)y,
A(l),/lz,o,z = —Ao,

where Ag = —2,A; = l,and A, = 1.



Chiral topological corner
entanglement spectrum

SU(2)k WZW chiral edge state is
known to be critical and has a
chiral gapless edge described
by a SU(2) Wess-Zumino-
Witten (WZW) CF1.

It can be represented by 2d
PEPS with D = 3 on a square
lattice exactly.

The gapless edge state has
been characterized by studying
the entanglement spectrum of
the PEPS on an infinitely-long
but finite circumference cylinder

[D. Poilblanc, N. Schuch, and |. Affleck 2016
M. Mambrini, R. Orus, and D. Poilblanc 2016]

—1/2 )
Arorn = —h — ik,
-1/2 )
A2,1,o,1 = —Xo;
—1/2 X
A1,1,2,O = _)\.1 — lkz,

Agia1 = —ho;
ATV = h i,
Agito =M +ika,
AL o0 =M +ida,
A(l),/g,m = A1+ id,
A(l),/22,1,0 = —A1 — ik,

1/2 _ X
Ao,2,0,1 = —Ao;

1/2 :

A1002 = —M — ik,
12 _

Ao102 = 1o,

where Ag = —2, A =

—1/2 .

—1/2 .
A1,0{2,1 = _)"1 + l)\2,

~1/2

-1/2 _ : .
Apar1 = M—ik Ay = ol
~1/2 _ : -2 _ . .
Ao =M —ida, Ay, = Ao

12 _ : 12 _ ..
Ar001 =M —ira, Agg o = A0

12 _ . 2 .
Apr20 =2 —ida, Apgs0 = A0

1/2 .
A1,/2,o,o = —A1 + iAo,

1/2 .

l,and A, = 1.



Chiral topological corner

entanglement spectrum ﬁ
Using 2d QSRG ﬁﬁ

EU(Z)k YVZbW Chtllral |eolgde hstate S 10° @1& 4 SU(2)
npvvn O be critical an .as a | ; \
chiral gapless edge described

by a SU(2) Wess-Zumino-
Witten (\WZW) CF 1.

It can be represented by 2d
PEPS with D = 3 on a square
lattice exactly.

- The gapless edge state has
been characterized by studying
the entanglement spectrum of
the PEPS on an infinitely-long
but finite circumference cylinder

[D. Poilblanc, N. Schuch, and |. Affleck 2016
M. Mambrini, R. Orus, and D. Poilblanc 2016]



Conclusion

- We introduce the tensor network method and corner tensor

- We use corner properties to pinpoint quantum phase transitions

- We then consider chiral topological order phase
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order (TO) phase”?

Quasiparticle excitations
with different
braiding statistics

Modular matrices
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(1ha|T|ap) = e~V e/ VI

{|ta)}o_1 :degenerate ground state
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How to detect the topological * Symmetry protected topological order
order (TO) phase? (SPT)
Quasiparticle excitations To use the symmetry twist to simulate
with different degenerate ground state
braiding statistics
J hx,hyEG [Hung & Wen 2014]

Modular matrices
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Order parameter: From the wave function

How to detect the topological * Symmetry protected topological order
order (TO) phase? (SPT)
Quasiparticle excitations To use the symmetry twist to simulate
with different degenerate ground state

braiding statistics

/ hxfhyEG [Hung & Wen 2014]
Modular matrices

(alSlppp) = e >V V5, ny

(ol T|the) = e~ TV ToWVIT,, hy
{|ta)}o_1 :degenerate ground state

- Symmetry breaking phase

Modular matrices is trivial €= No degenerate ground state



