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Jwo imensional O-mode( haye Served as a powerful pamo/igm
in helping us Uﬂo/ersfano/inj Four dimensional hon-Abelian theories.

768}’ are Known 1o Share many 1mportant featares :

~ X

- Asymproric Freedom 5 /d;\

- Generation of mass gaf
- Gontinement

~ Chiral Symmetry Breaking Gross- Neveu , 4Alitten ,

- Large N - expansion D'Ad/a-Luscher - Di Vecchia etc
~Instantrons
- Anomafies / Cument Algebra .

But Qo C-Models are , b biting Striking fearures:

such as Bosoni2arion , »irror Symme+ry oand /‘lnporfant for us hbere,

“Connection witrh ]ntejraéfe Systems 7



Jhe Qualirative Cohnections between 2 doim. O - Wlodels

Qnd 4 ofimt ANon-Abelian Gauge /heories (Gh e made “?aantitative v
\Y]
Solitonic Vortex 5*#:‘”35' frecisely Provides Such Connection

74e Basic Iofea S , &) Conssoer « oim Afon-Abelian Theory with

Some guarks ¢ , we Fo to " /-//‘077.9 Phase” <@ > +o0
Sea
(%> ¥o0 C.f. Abeln~Higgs
/7oole/

v ftagher/c Flux

<v>%0 ) twrqap P20 %;’;ﬂfvm

? X
No#n-Teivial Pmse/Ufﬂo/inj 07[ ¢ : AT = [f‘o/,eoj ?



(Tore Concretely , le Consider oim. Theory tith {J(Ne) Gauge Gp
and N flavors (+ SUSY Generalizatron )

— — Al J2 _ @2 -I_V_-l-' _,2_])1 <
L= 25 T Fn F*+ 2 1 D%l -E (2 19 )

(+  Fermions f» SUSY )

?0{; X= /s Me £=/l, - My

lacuum + (3%>= v§3 > UNIxSUMe)=S[Uwpun-w)]
| ﬁ
flass Gap:  Mg=rg ~ €V (en) (1) is broken by
the vev

77( (Ne) X SUCAL )
"SIV x(hem, )

)= Z & Vertex Mumber



70 find/ vortex Selution , use Bogomoln y Gmplering the Square Thck :
o N o
(Fas ) = el((:?—_;f 2% Z; -v'9%)
DZ z =0 (i= .x,ff)(a )

7%he Gnalytic Solutions Unknown, but it Can be Solved rumevically .
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7%e VorteX dorld volume ojnamics "Frobes” the % dim Strong Coup/ing
Dy namics P



/%he (ow Cnergy VorteX oynamics Is given by “//oo/,‘/,- Space A/J,Dioxim ation”.

(Wenton )
Moclulz SPGCR MELFC Jiy Cak be Obtamed Ffrom

N¥
Trr= Tr ["2 & aASTAs 5 G0 5GTE * AC

(§1A> 8L) are So-culled " Zero todes”. (Bosonic ) (linearized
Fluctuartions)

tle can also idlentify modkf; Space by Consideting Oifferent ways of
elﬂbﬁan“lJ Vorztex Solutiomns. Fer K=/, M= Ne

M» e Me = SU(/Vc)d — ANe=|.
e Uxsoney = CF

Jhe /fow energy dynamics /5 given by ddoim. 0-rmocle/ with target Space

being C[pr-l . lhe Size/kéhler is proportional +o —el-?_ v

More gener&( Configuration, Aarbitrary K. M and N etc. we can

obtain the moduls S)oau /L'(k’ Ne s Mg vie D-brone Construction
( /‘/mmny - nnj , Dorey , Holfowann o ete. )



If the < oim Gauge 7heory G/So has '}"erm/‘ons", they also
desCent) mro Adiwm Vortex Lo+l volume as ' fermionic Zero frodes”.

> Gmbined with “bosor/c 2ero models”s kle can have “5“Pe" symmetry "

* fAlere we are most interested in N=(2,2) Supersymmetric O -mode(s .
So far the discussion (S Classical , for their v Suahtum Oyham ics?
(tS more powerful to VEWFHte them as "Gmge Theores” (Uitten ),

Sometimes referred as Glauged Linear Sigma (Mool (GLSr7)”

* Various Aspects of N=(2Q,2) G LS/ have been Studied,

( Dorey, SAi{mm“wa, /-/mmy'%nj), /n particular bears
Close resemblence to the of famous

Y om N=R Supersymmetiic Gauge Theories (Seibers-himen) ”



pe fricular N=(2,2) GLSM e focus on has G=U(CK) @

* N fundamental Chiral ltaltiplets of (twisted) masses (M My My ),

* Ne anti-fundamental Chiral Multiplets of Cewistel) messes (M,17, -~ My, ),

[ 4

+ 4 adjoint Chiral [fuftiplet of (twisted) Mass €.

tJe also add Fayet-Iliopoufos term (FI) r + 2 theta angle Oy

and Comb;He fo fornr T = L+ + Ow
Q7T

Interestfhj low energy olynamics or “guantwm vacua” is governed

by an “Exact twisted Superpotential/ Wegs(A) “ ()~ twisted Chiral mult.)

(Witren, Cocstti ~Vada )
[_eﬁ = [d% Wey(A) + [d5 W e#(,\) + Jd% (A, A)

Wegs (A1) ~ obtained from integrating out massive matrers.



Ex/o/icit Form 07‘ A/P{‘f( ) /s

<

Weg(A) = QI‘LZ' )_ Aj e);_g f()‘f 2) + eif)_ 76(»\¢-fu)

JI-QI

K
+ 1 f(*c_e-*\;;e_) (fex)= X (Logx -1) )

l/J </

he minima / Vacuum s Fven by a_é‘/‘-’;('\): O ) er/)cH/y :

Ne K
i-fe _ Ai A" € L RMT 4 Kt
E Aj -1y ZI;,L‘ Aj- A€ » 2=€7 0

(imdeed the case qG-frer

\ o . ’L ' IID
méomojeneous twisted XXX Spin Chain '} identifying parameters )

\e 7 .
7his is Gn eample that |acuum of gauge theory (S €ncoded i a
" Qeantuns ]nregmé/e Syster ¢



e have Seen Simifar 'Modul; Space /. fneoqmé/e System Gnnection “,

from "Coulomb branch of #dm N=Q SUSY Jauge theories ?S‘eiéer;)
- WfiHen

In fact, the Guantum spin chdin tJe juSt met, (ts Classical Cousin
bias already mace appearanca in  follbwing % cim theory :

\I/V:’? S\QCDI/

Ne “fundamenta/ hypermultiplets® of
Vector 7
Ue have U(/Vc) /fu/ti,o/ef--" masses (,,,“ my - My, )
\ A “Am‘;- funda menta/ hypermultiplets” oFf
Jnasses (MW, .M, - ’;7:/‘)
7%e theory 4/So has Complex gauge Cowpling T = UL ,
ga " am

74he moouli Space Aas Coulomb” and "H/;;gs Branch .

Hig3s Sranch, — (guarkd $0 . prtected from Quantum Comrections by
Hon- renorma (i@ trions.



) = rO/ l
Coulbmb Granch [, p? % =0 (¢~4°o;9';’;0f‘,“,,f};;,’;f )

(Do~ diag (Baty Bu) > UN)—> U (Neceps)
Greneralized EM .

- Ctassical Goufomb Mettic  Can be Quantum Corrected, but Only
one -(oop perturbalively, It Gan further receive hNon-perturbative
mSranron Cowecrrons.

- 7he famous Work of Seiberg an¥ K)itten, cetermned exactly
the quantum Coulomb branch metric / €ffective Coupling .

- 7hey 0o So by k?/é‘ﬁhj the System to an aaxf/a;;z a‘éqeéra;c Curve:
Kasses ChiCr as Puhciures

~w -
Aerefe X x N\

831 (3-cycle . (;]m Z.su/)



7he Jauge Coupling T isS the "(m/a/ex Siructure” Of Zsw.
or the ' Fatio” between A 3 B cyc/es .

/he integrals of Asw over A R B <ycles play the ple of

“ ectric” ano " fragneric” Coovdimates in fow energy SRED
CEmering K E. )

C?I(u) - fi‘I Asy (W) ) agm = fBI Asw (W)
S
Related by :  F (A, %) (Peporential )
Example

\

Pure N=3 SUCN) Fauge theory -

. N\2Nc
2o YTLTT TR0 Row = det(x1-<4)
= —L— C(w,w) ¢4 25— L U X
ASU(U) ;ZJS-’T T K=o



But we have alo Seen identical algebrajc Curve before , this

/s precisely the so-Called "S‘pectm/ Curve ’ for Ay loda ~System.
( C/assiCal)

-Or for our specific case of AN=Q SAcCD, the Seiberg -Hitten
Curve 2 Sw Is given by:  (Agpes, Plesser, Skhapere )

— . NC —~ ”c ¢
Lsw® NQ,ZTI (X"m,?)"-?wln_',()("a_e) —h(ht) ﬁ'(x-m,q)=o
= = 2=
h=- 2L, q- T

I+ 9

Aja/h , e hare seemn Similar q/jeérm'c Curve in " (lessical /‘otegraéle
System”, this is the Spectral Curve for" thhomoGeneous tw,sted

XXX Spin Chain” : ”
PN Gi17n P(.z)=317="l (E-¢_o)
P £2-2AP(2)E th(ht2) K+ @) K.(2)=0

Ne
XX K ()= - /
+ JL (Z-6,2:],)

™I



Indeed ., we can identify  (Gy(w),QP)) with Canosical Coord.
from Hxxy , afso < /_P¢A> 4 ith Commutrng Conserved (/)arje: ‘

- So fay we has discusses how FYim SUSY gauge théories Gn be
refated o (lassica/ Intejmé/e 5y$+ems, but can we a/so See

" Quantum .Z;n‘egmé/e Systems? Cmerge from ¥ oim theones T

- 7o quantize G dyhamical Sysvem, e need to [dentify

GPPpropriate Vacuum, in our XXX spin Chain, We Can Start with

119444 04 PA S
rrerroprronrorl

In SOQCD, dfter we identify the parameters in Gauge theory amd
/mtegrable Spin Chain, Lhis precisely Corresponds to

aj_MoQ:O ,13/,"- ’A/C



@ :‘/Aat about “/D/ﬂIIC/\' GhS‘tﬂvt il' ” foy QPUGHLi i'm_‘/'an?

A : Nekrasov ant/ Shatashvil; prpvsed G .S‘frik/‘/gy‘ ldea, thar /S to put
4diim N'= R gauge theories on , OF

a

frore concretely , i@ Considler Euclidean Rotation Group

Rt~ CxC : Ur/),x(/(/)_? C SO(4) = 5U(Q)x SU(),

and break the rotational Symmetry [n two out of four directions
s With the deformation parameter '€ 7 ((g , 2.)=(Z ,eiznez)

- Both rotational Symmetry and Supersymmetry are ,wirtia///
Broken . Onrly preserved in X°- ' plane , N=(2a,2) in

Q Iimensions. Mtice that t4,s is however differehf N=(2:2)
theory from Qatrfier oscusSion



- [4e ,D/o/)o_S‘ar/ of Nekrasoy ~ Shatashvili 1S thar + in Such oeformed
N=R theory, if we C‘om,oute F(d't-’, ", E)

( Y Kinetic +term ~ Im (.;ég. 5{), gauge coupling T ~ 33 F )
- PmIDOSa/'. F(a_‘:”?) €) /s the of the

for Puahti2in g the atro/er/y;nj (Tassica( /ntegrable
Sys+em. Jhgt 7§ -

£ oF(a:km,€) HE &— & plarck constant
QN oa

L/V ab
- From perspective of Lsw, -;2“5 Cah be [dentified With 1He

-

A " We are guantizing “omentum *

~It turns ouf that many Choices of possible Guantization Conds
~ Different Chorcas of Crcles .



- After long Jdetour i % oim, let us recall m the origina/ 2-dia

£/:eor/ y The BAE anses from “ffdﬂdaro/ Quantigation Corrdlrtion ‘7 ra
ageérai( ansaty €fuctioh - That is " 7&«4”#'21'7 around E:mwgnefic Vacuc?

&\_‘ -—}4_7‘ = f’_i € o~ dentification of L~ €

"/Dmpo,sa/ ( Chen et ol 5 also COL) - Partitiom of +/ux

+ubes
F(a=m-Re)-F(a=m-ei)= }CH)
Vacuum - dependent
Proved . (CChen et al) .
Can be argued from both " identical Guentization CQandi+ions “

f
Same [flimma  ~5 " Cphial Ring /Vecumm .



= (gn argue 2his from Brane Cowstructron / Vortiacs .

NS4

’QL __/\

# ~"vortices”

“TA Gnstruction”™




