Lecture IV: Residue Calculus

Chung Wen Kao
Department of Physics, Chung-Yuan Christian University, Chung-Li 32023, Taiwan
(Dated: August 14, 2012)

This lecture introduce the residue calculus.

I. THE RESIDUE THEOREM

Definition of Residue:
If f(z) is analytic in a neighborhood of z = a but not at a, the residue of f(z) at z = a is
5= $ f(2)dz where C is the curve encloses a. It is denoted as Resf(a).

From Cauchy Formula, the residue of f(z) is identical to the coefficient ¢_; of its Laurent

series.

Example 4.1:
Please show that for a pole of order m, Resf(a)=lim,_,, mf;% [(z —a)™f(2)].
Solution:
Since z = a is the order m pole thus

n=oo

f)= ) ealz—a)

n=-—m

Therefore g(z) = (z — a)™f(z) is analytic at z = a and its neighborhood. Apply Cauchy

formula

§ it = § Do IO I - ),

Remember Resf(a)=5- §. f(z)dz, so that

1 dm! .
- o).

Resf(a) = lim

z—a (m — 1)

Example 4.2:



Find the residue of tanz at z = 5

tanz:Sin(z_%+%): COS(Z %) = 17TCOS<Z—Z>'<_Z;§>
] 2 sin _%)

cos (z—%—i—%) —sin(z

1 [ —7/2)? 1

B PO €7 +} .
z—2| 2! 1_(Z”/)+
1 [ —7/2)? —7/2

SN CEL T | AN
1 T 1 1

= —[1— —(z—7r/2)2—{—...] =——+..
2—5_ 6 2—5

The residue is 1.

Residue Theorem:
If a function is analytic in a simply connected domain D except for a finite number of isolated

singularities. Curve C'is within D, then

]{Cf(z)dz = 2mi Z Resf(zy).

here z, are the singularities of f(z) within C.
Home Work 4.1:
(a) Find out the Res(z = 1) for f(z)=—o

Gr2) =D
(b) Find out the poles and the associated residues of f(z)=

2 e?
1+622 :

(c) Find out the poles and the associated residues of f(z)=z3sec z.

II. EVALUATING THE INTEGRAL OF A COMPLEX FUNCTION

Example 4.3: Evaluate §, ;-#7dz where C'is a square of side 1 centered at z = (1+i)/4.
Solution:
is analytic except at 21:% and 22:—%.
%:l. Therefore §, ;7d2=2miRes(21)=mi.
Home Work 4.2 Evaluate §, 22 ﬂ: dz here C'is |z| = 3.

The function However only z; is

z z
422417 (22+14)(22—1)

inside the circle. We have Res(z = z1)=



III. EVALUATING [" f(cosf,sin6)dd

Example 4.4: Evaluate [ 3+Tlngeaw

Solution:

First we have
i 1 0 1 1 [ 1
— _dh = — _dh == S—, [/}
/0 3 +sin? 6 /_W3+sin26 2/_ﬂ3+sm29

foro
lz|=1 3 + (%(z — %))2 1z

N —

2_7{ z dz
= N B ———
|z|=1 24 — 1422 + 1z

There are four roots of 2% — 1422 + 1. They are z=V/T7+ 4\/37
20=\/T — 4\/5,23:—\/ 7+ 4\/5, z2a=—\ T — 4\/5, only z3 and z4 are in the circle.
z3
Resf(z3) = ,
&) = G- =) - 2
22
Resf(z) = )
f( 2) (22 - 23)(22 - 2’3)(22 - Zl)
Remember z; = —z3, 25 = —z; We have Resf(z3) + Resf(z4) = ﬁ = \2/7? Therefore
T 1 3 3
/ df = (2i)(2i) V3 _ Vin
o 3+sin“é 24 6

Home Work 4.3 Evaluate the following integrals:
(a) [27 1208049 (b) [T sin™ fdf.(c) [T 204 with 0 < b < a.

2—sin 6 0 a+bcosf

IV. EVALUATING ALONG THE REAL AXIS

Example 4.5: Evaluate [~ mdl‘

Solution:
We choose C' is the path from [—R, R] then goes to the semicircle enclosing the upper half

plane. The singularity inside C'is z = ta.
R 1

1 1 . .
- fo Frap = /R @rapt /m @ 1@y = @riitesflia)



I: z=ia + pe'.

2m
2miResf(ia) = j{ %dz :/ , 1. _piedp
r( ) o (

2a +p610)2p26219

At the semicircle z = Re.

1 1 1

B . < .
|2,’2 + a2|2 |R2627,9 + CL2|2 - (RQ _ a2)2

Since | [ f(2)dz| < [ |f(2)||dz]. Hence

|/ |/|dz| _/“ Rdf </” R Rt
22+a - |22—|—a2|2_ 0 |22+a2|2_ 0 (RQ_a2)2_<R2_a2>2

as R — oo.

R
1 1 T
I = - d ———dz = —.
/—R (‘rQ + a2)2 v /semicircle (Z2 + CL2>2 ¢ 2&3
= i / " ! dz + / ! d
1m ———=axr ——az
R—o0 —R (I’2 + Cl2)2 semicircle (2’2 + a2)2

B & 1 dr — T
) (22 4 a?)? $_2a3'

Example 4.6: Evaluate [~ <KLy

2+a2

Solution:

> coskx 1 [ etk
/$2+a2dx—Re[2/ x2+a2d4'

Choose C, as [~ R, +R] combined with R with 0 < # < 7. Due to Cauchy theorem we

have

ikz R ezkx ezkz
7{ ———dz = / ————dr + / ———dz = 2miRes f(ia).
Cy 2f+a RT +a semicircle ? +a



Now we evaluate the integral along the semicircle:

Lkz _ ZkRCOSQ fkRsma‘RZe—lede T ikRcos® —kRsin® |R’l€led0|
’ dZ| = | ‘ < ’e e ’—
semicircle 2% @2 R2e—21 1 2 |R?e~2i0 + o2
= /ﬂ| fkRsm0| |Rd0| ™R
0 |R? —a?|  R?—a?
On the other hand
eikz e 4
Resf(ia) = lim (= —i0) 5 = o0

Therefore we have

R eikx eikz e %1
B 5 ——dx -+ ﬁdz = .
-R7T _'_ a semicircle # +a 2a

/ d e ‘m
= x = .
oo T2+ a? 2a

Taking the real part we have

> coskx e %r
ﬁdw — .
o TEFa 2a

Home Work 4.4 Evaluate the following integrals:

0 zsinx Sy z0
(a)foom2+2:v+2d$ (b) Jo (a:4+1)2d$ fo x4+1)2

V. JORDAN LEMMA

If f(z) converges uniformly to zero whenever z — oo then

lim f(2)e**dz = 0.

R—co Jo,
here Cy is the upper half of the circle |z| =
Proof:
f(2) converges uniformly to zero whenever z — oo means that when R is large than certain

M [f(z)] < e

| f(z)emzdz| — |/ f(z)eikRCOSee_kRsmeRiewdm
Cr 0

S / |f(z)|e—kRsin9Rd0 S/ Ee—kRsiHORd9 S ER/ Ee—kRsiHGde
0 0 0



However if we set ¢=m — 6 then f/2 —kRsind g — f/2 e kRsn(m=0)(_qp)= fﬂ/2 e FEsne g,

Thus p
| f(2)e*dz| < 2€R/ ce RRsn0 gy
Cr 0

Furthermore we have

20
sin > — = 0<0<
T

Do| 3

This can be seen by plotting the two curves to compare. So at end we have

eRm

zkzz
], s < Sp

Since € can be arbitrary small so the lemma is proved.

VI. RECTANGLE AS THE CONTOUR

Example 4.7: Evaluate [~ —1—dx

oo cosh kx

Solution:
Choose C' as combination of Li=[-R,+R]|, Lo=[R, R + i7]|,Ls=[R + i}
Ly=[-R +i7,—R]. From Cauchy theorem

1 T
dz =2
%C cosh iz F = 2miktes (ri)

Here
(=i 1 1
R | 2k’ — =
s <2k) 2% coshkz  ksinh () ik
Since cosh k(z+z%) = — cosh kz hence le —coslll = dz:fL3 Coslll = f R Cosh —

hand, at L, one has z = R + 1y, cos}llkz = —= thus

2
eikyekR_;'_efikye

& 2idy k |2idy| koo [2dy
| < <[ =
0 eikyekR + e—ikye—kR — 0 |€ikyekR + e—ikye—kR| — 0 |€kR _ B_le

dz| < kkR

ko

Hence |fL coshkz

1

cosh kz

k 2idy k |2idy| Eoo|2dy)
| | < < REE M —
0 eikye—kR + e—ik’yekR — 0 |€iky6—kR + e—ikyele — 0 |€—kR _ ele

Hence | fL4 coslll kz dZ‘ < kz;“rR'

ko

(1—e_kR)§%—>0. as € — 0.

—R +i7] and

 |2d
</ 2dy|
o |eFf|

Similarly at L, one has z = —R + iy hence = eikye—kRie—ikyekR thus

¥ |2d
</ 2dy|
o |eFf|

——dz. On the other

2
LekR*

2
LekR*




As R — oo we have ———dz| — 0. So that we have

’ fLQ Ly cosh kz

1 1 < 1 1 27
dz = d d dz =2 dr = 27— = —.
jécosh kz - </Ll Z+/L3 z) cosh kz : /Oo cosh kx ¢ mik k

Hence f

_
da:—k.

[eS) Cosh kx

Home Work 4.5:Evaluate [ “f;jl dx

Home Work 4.6:Evaluate [;° mcfezzdx
Home Work 4.7:Evaluate f

—dx,0<a< 1.

1+z

VII. INTEGRAL OF MULTI-VALUED FUNCTIONS

Example 4.8: Evaluate [~ ‘chdx

Choose C' as combination of L; : z = r + ipsine, pcose < r < R, Ly : z = Re?? ¢ < 0 <

21 — ¢, Ly : 2z =7re*™ —ipsine,pcose <r < Rand L, = pe?, e < 0 < 2m —e.

Z'1/2 \/5

Resf(+i) = > = 1 —(1+4).
— 1/2
Resf(—i) = <—;2 = g(l —1)

fc vz dz = /2.

22+1
/ NE 4 /R VT +ipsine
z =
Ly P

2241 cose (M +ipsine)? +1

peose o i a
/ Vz " _/ Ve ipsine
Ly #

2+1 R (r—ipe)? +1
/pezﬁ 0 B € Zp3/2 130/2
2 — 5 Pie"do = Td9 — 0.
L'Z—i_1 27repe +1 27r—ep€ +1

As p — 0. Furthermore we have [} ;{1 dz= [, ZQ—\/fldz = fOR ;Cl dx. Besides

2m—¢’ i6/2 ) 2 —¢’ 3/2
|/ \/E d \/E—eRiezOdm S/ ’\/_’ R

= . Rdd
Lo 22 + 1 Z’ ‘ / R2€210 + 1 |R2 ‘ ‘ |

€

— (2r—2¢') — 0.

as R — oo. Therefore

lim vz dz:2/ ﬁ1d$:\/§7r.
0

Rooo Jo 22+ 1 x? +



Hence fooo x;/fl dr = \/LQ

Example 4.9 Evaluate OOO ’ia—;dm. Here 0 <a < 1.

Solution:

Choose C=C} + Cy + C3+Cy. Here C1=[pcose + ipsine, R+ ipe], Co: z = Re? € <0 <

2n — €. C5:[R —ipsine, pcose — ipsine]. The only singularity is at z = —1:

a—1
f © dr= 2miRes(z = —1) = 2mie!@ V™ = _9rjeion
c ? +1

The integral of Cy approaches zero when R — oo since

sa—1 2m Re—1 z(a 1)6
| dz| = |/ Rzewd9|

o, 2 +1 Re® +
2T a—1 z a— 1)9 2m a a
IR . / R R
———— | Rie"|df = df =2 — 0.
—-A |Rei? + 1] | Rie”] . R—1 "R—1

as R — oo.
The integral of Cy also approaches zero when p — 0 since

a—1 a 1 Z(CL 1)6 ”
= g
e R e

2 | ja—1 z(a 1)6 2w a
/ Ip—||pzew\d6’ = / P ap < 27p" — 0.
|pe’ + 1 o L—=p

IN

as p — 0. Under the limit p — 0 and along the branch cut we have

a—1 0 a—1_,i(a—1)27 R a—1 a1l
/ : dz = / gdp — _ei(a—l)%/ p dp = _ei(a—1)27r/ z d
¢ 21 R L4p o 1+p o 2+ 1

When we take limits: R — oo, p — 0, we obtain

i(a—1)27 > pa—l . . jam
(1—e ) dp = —2mie
0

IL+p
/°° ptt o =2mie™™  =2m 2@
o l+p P=1 _cila2m = gmiam _giar  _2jginan | sinan

o0 g~ llnzdl,

Example 4.10 Evaluate pm

Solution:

C=C1+Co+Cs5+Cy.  Ci=[pe, R + ipsine = Re*]. Cy=Re?id < 0 < 21 — i€,



Cs=[Re*™ % = R — ipsine, pe ™). Cy=pe? e < § < 27 — €. The only singularity is at

z = —1. So that

2% nz . - ila—1)r ) am /- 2 iam
————dz = 2miRes(z = —1) = 2mie In(—1) = 2mi(—€"") (im) = 27w=e""".
C 4 + ]_

a—1] 2r pa-—1 ’L(l 1)91 )
|/ z nzdz| _ |/ R (nR—I—zH) Rie"do)
C2

z4+1 Re? + 1
2 Ralza 19m )
S/ ‘ € | (Il ) + 4T |R2619’d9
0 |R€7’9+1|
T R2\/(In R)? + 472 R®
= df =2 | 2 + 472
/0 1 T (In R)? 4 4m
| 42721
<4\/—7TR nR_ \/_7rxnx_>
R-1 1—z x°

as r = % — 0. Here we choose In R > 27. On the other hand,

Za—l In 2 2 pa—lei(a—l)e(lnp+ie) »
|/ SN y/ e pie?do)|

/271' |pa Loi(a— 19|\/T ei0|d(9
0

pe’ + 1

IA

2 a 1 4 2
= / pry/(lup)” + 4 df < 2mp*y/(Inp)? + 472
0

L—p
< 4272 p%Inp — 0.

as p — 0. Here we choose Inp > 47®. Since [, — 0as R — oo and [, — 0asp— 0.

) oo a— 11 co a—1
(1 . 6z(a—1)27r) / udﬂ 271_162((1 1)2m / p dp _ 271'26“”1—
0 P +1 o P +1

) oo a 11 )
— (1 . ez(a—l)%r)/ npdp _ (27Ti)612a7r + 9Or2eliam
0 p+1 sin a7

2am

) 0 a—ll 2% 2
— (1- eﬂ”)/ P 2Py = Z7° 4 oneior,
o p+1 sin am

p*tn pd _ 2im2etam P

_— —tam __ _iamw
(e ‘ )/0 p+1 P sin am

. 9isinar /°° p* n pdp _ 22'7r2(<9i‘“‘r — i sin cm)‘
0 p+1 sin am

/OO p*tn Py —m?(e™" —jsinaw) —m?cosam
0

P = - = -
p+1 sin? am sin? ar
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The following problems are left for exercise.
(Inx)
Home Work 4.8 Evaluate fo QH)Q B8 .
Home Work 4.9 Evaluate fo —z)'7%dx. Here —1 < a < 2.
Home Work 4.10: Evaluate fo 2+1 2 dr. 0<a<1.

Home Work 4.11: Evaluate [ 2045 g, 0 < q < 2.

VIII. SPECIAL EXAMPLES

Example 4.11: Evaluate [} sina?dz
Solution:
Choose O=C} +Cs+C5. Here O1=[0, R], Cy:z = Re®,0< 0 < T. Cy:2 = pe™/*, 0 < p < R.

Since €% is analytic in and on C so that

fe”de:/ eizzdz—i—/ ei22d2+/ ¢ dy =
C Cl 02 C3

€. 2 ’/ z R2 cos 20 7R2sin292'R€i0d9’ < /Tr/4’eiR200529 7R2sin29HZ-Rei9’d0
Cy

‘ iz dZ‘
_ / | —R251n29||R|d9 _ _/ | —R251n9|d9 < _/ R229/7rd9
0
™ —
as R — oo. On the other hand

0 R
/ ¢ dz :/ exp(—p?)e™*dp = —e”/‘l/ exp(—p®)dp.
Cy R 0

/ eiPde:ei”/4/ exp(—p?)dp.
0 0

Since [, exp(— 2)dp:‘/—;r. Hence [° eir® dp="H “‘F Therefore [ sin xQdazzﬁi.
Example 4.12: Evaluate [;° %2y

Hence

sl

Solution:

fooo —Si“mkxdx = fi)oo —Sinzkxd:v. Now we have foo smk’”dx = 3 foooo —Sinrkmdx = Im% ffooo %Zdz.
Choose C' as combination of Cy=[—R, —p|] and Cy : 2z = pe?, —7 < 6 < 7 and C3=[p, R] and

Cy:z=Re? 0 <6 <. From Cauchy theorem we have

ikz
]{ ¢ dz = 0.
c <
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First we evaluate the integral of Cy:

0 'LRCOSG 7Rsm9 ™ |6ich089€7kRsin0| )
= | / ———Rie"?dp)| < /0 e | Rie™do)|

Cy

kRsind jp W/Q kRsind jp "/ 2kRO/ g9 n kR
= —kRsind g <—_2 —Rhsmbgg < 9 - Tl = — (1 — e 7).
/o R /o = /o ‘ SRR

As R — oo, [, — 0.

eikz 0 6ipcosaefpsine ) (U )
/ dz = / — piezéde -3 / glpcos Ge—psmede.
Cy g pe T

/ dz + Z/ eireosbe=psind g 4 / dz — 0.
e T - PR

Next, we take the limit: p — 0 then

oo ikx
e .
/ dr = mi.
oo X

r = i%. Thus taking the imaginary part one obtains ffooo %dw = T.

So we have

Therefore f;o iy |

X g . . . .
Therefore we have fo %dw = % since it is even function.

Example: 4.13 Evaluate the value of f_oo Si‘;#dx.

@Pli2) ig an analytic function except at z = 0.

fexp( )d _/—P expgiz)dx+/ expgiz)dz_’_/R expgix)dx+/ exp(iz )d _o.
Z R X Cp z P X Cr Z
Because
-p ; P ; R :
/ exp(zx)dm :/ exp(—m:)dx _ _/ exp(—ix) I
_p a8 R a3 p 3 '
Therefore

fexp(z’z)dz :/ exp(z’z)dz+/R exp(iz) —exp(—ix)dm+/ exp(iz)dz _0
C, p Cr

23 23 3 23

When R — oo then we know fCR is zero. We have

/ exp(@'z)dz N /°° exp(iz) — exp(—ix)dx _9
Cp p

23 3

Now we have to evaluate

~ 0 : , - , .
/ exp(zz)dz :/ exp(ip exp(z@))ip exp(if)df = —i/ exp(ip exp(z@))da
Cp T 0

23 p3exp(i30) p? exp(120)
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" 1 ™ pexp(if) i /7r p* exp(2i6)
=— —_— — — | =———=d0+ 0O
2/0 p? exp(120) 40+ /0 p? exp(120) 40+ 2 Jo p*exp(i20) +00)
= —i/ p~ 2 exp(—i26)df +/ p~ ' exp(—if)df + %/ df + O(p)
0 0 0

_iexp(—2i7r) —exp(0) N exp(—im) — exp(0) N in L 0()

B —2ip? “ip 2
2 am
= —i—+ — +0O(p).

zp—l— 5 + O(p)

So
* sinx 2 am
22/p Sdr=i-—— O(p)

That is

Similarly we have

exp(i3z2) > exp(idr) —exp(—idz) ,
/Cp7d2+/e 3 dx = 0.

exp(i3z) /0 exp(i3pexp(if)) . , _/’T exp(i3pexp(if))
/cp ER . o3l xp{if) “Jo T Pexpli2n)

T 1 ™ pexp(if) 9i /7r p* exp(2i0)
— i g3 | LEPY gy [P EDUET)
' /0 p? exp(i20) * /0 p? exp(126) 2 Jo p?exp(i20)

= —i/ p~ 2 exp(—i26)do + 3/ p~texp(—if)do + %/ df + O(p)
0 0 0

exp(—im) - exp(0) 97 ()

df + O(p)

exp(—2im) — exp(0)

) 9ip? + Zip + 5 +
6 97
B LG
R (p)
So
> sin 3x 6 9im
2 dr=1—— —+0
| Tra=i = ol
That is
> sin 3z 3 Or
dr =—-———+0
/p s = =2+ 0(p)
Now

 gin® gz 3 [®sinz 1 [ sin3x 3/1 =« 1 /3 O9n 3r
M V=2 g = dr="(--") -2 (2-T) =",
/p s 4/p 2 4/p B 4<p 4) 4(p 4) s TOW)

Take p — 0 we have
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Example: 4.14 Evaluate the following integral: fo —dx.

1+:1:3
Solution:
Choose O=C,+Co+Cs. C1=[0, R], Cy=Re'?, 4?” <0 <21, Cy=re™* 0 <r < R. WE first

have

dz - 1 1
_ . _ ,i5/3m\ __ . _ .
fc i 2miRes(z = e ) = —2mi (¢ —1)(eom — gifim) ~ 2M———

The integral of C5 is bounded by

[ [ e [ e
14 23 o 1 + R3ei30 anss 1+ R3e

2 ‘RZ@ZG‘ R
< df——m——— < df——— — 0.
N \/47r/3 ’1 + R36136| N /47r 3 R —1
when R — oo. Furthermore we have

0 in/3 0 R
/ dz :/ dr< P = e’“/g/ dr ! dr = — Z4”/3/ dr ! dr.
o 1+ 23 R 1473 r L+ 0 1+7r3

Therefore when R — 0o we have [, + [, =(1—¢e*™/?) [ (ls=—9mi— . Hence we have
/°° dr  —2Wigmgs S TE B 27i 2mi 2w
o 1473 1—einm/3 — 3(ei2n/3 e‘”’r/?’) 67 sin 2; 33

Home Work 4.12: Evaluate 2= _dax for positive integrs m and n. n > m.

1+ TL2n
Example: 4.15 Evaluate the following integral: fo . Insinxdz.
Solution:

e?#)dz. The contour C' contains

We start to evaluate the following integral: [ = [ oIn(1 —
six sections: Cf is 1/4 circle around the origin. Cs is the real axis from e to 7 —e. C5is 1/4
circle around 7. C} is parallel to imaginary axis from 7 + ie to m +1¢Y. Y is an arbitrary
positive number. Cj is parallel to the real axis from m+1:Y to ¢Y. Cg is imaginary axis from

1Y to ic. Because no singularity is inside C' therefore I = 0 according to Cauchy theorem:
(L )
C1 Co Cs Cy Cs Cs
On C4, z = €. We have

0
/ 111(1 o eQiz)dZ — / ln(l _ 6726sin962iscoso9)€l-ei€d0'
C1 w/2
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Because In z = In|z| + iargz, one has |Inz| = \/(In |2])2 + (argz)? < /(In|z])? + 472

Hence one has

i ] p - 2
| ln(l _ 6—2551n96215c056)| < \/(hl |:\/1 + e—4esinf _ 9p—2esinb COS(2€ COS 9):|> 4 42

2
S \/(111 [\/1 + 6—4&sin0 _ 26—255in9:|> + A2 = \/(ln |1 _ 6—2esin9|2)2 + A2
<2/In|l — e %50 27

Therefore

w/2

|/ 111( 2zz dZ| |/ —25sm0 216COS9)€Z629d9| </ |1n(1_6—2€sin0€2i€cosﬁ)€i6i0|d0
C1 /2

0

w/2 ) . w/2 )
:/ |1I1(1 . 6—2551n9€2@ac059)|5d0 S/ 2(|1n|1 o 6—2551116“ +27T)6d9
0 0

w/2 )
= 25/ (In[(1 — e72=58) =1 4 71)dh
0

However

. w/2
/ 72551n9>71]€d9 < / ln[(l 67459/7r)71]5d6
0

—4ned
/ [ ]sde_z / e e edp
0

4i B —Qne §Z42\/_5—51/22 ;52__ 1/2 \/—C()
n=1

n=1

=1

3

as ¢ — 0. Here we use the identity 1—e™* — 4/, 0 for 2 > 0. ((s) is Riemann Zeta function

and ((3)=2.66...< 3. Hence lim [ In(1— e**)dz — 0.
6—>‘ C1
Similarly on Cy, 2 = m + €€,

. /2 . o . /2 o .
/ 1H(1—622Z>dz — / ln(1_62z7r6—2€sm96225cos0)82~610d9 — / ln(l_e—Zssm0€225c050)€i610d0'
Cs3 g T

0

— / 11’1(]_ _ 6—25 sin96—2i50050>5i6i0d0‘
w/2

Therefore we have

0
| ln(l o €2iz)dz‘ — ’/ 11’1(1 . 6—25sin96—2iacose>€iei9d9’ S
Cs w/2
2

w/ .
— % / (In[(1 — e~2519)~1) £ 1)dg — 0
0
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as ¢ — 0. Hence lim [ In(1 — e**)dz — 0.
e—0 Cs

On Cy, z =7+ iy and

Y Y
/ In(1 — **)dz = / In(1 — e*™e™)idy = z/ In(1 — e %)dy.
Cy € €

On the other hand, on Cg. 2z = 1y and

€ Y
/ In(1 — e**)dz = / In(1 — e %¥)idy = —i/ In(1 — e #)dy = —/ In(1 — **)dz.
Ce € Cy

Y
On Cs, z = x + Y. One has

7 N=oo

0
. . _1 .
/ In(1 — e**)dz = / In(1 — **e 2 )dx = _/ E o7 2NY 2iNz g,
Cs 0 No1 N

™

N=oo T
_ Z e—QNY/ 621Nxdl, =0
N=1 0
Because [ e*N*dx = 0. Therefore [, In(1—e**)dz =0
Since lim [ =1lim [ =0, fc4 + fcﬁ =0 and fc5 = 0. Therefore we have

e—0 c e—0 Cs

lim [ In(1 —e**)dz = / In(1 — e**)dx = 0.

e—0 Cy

We evaluate this integral as follows:

/ In(1 — e**)dx = / In(e™(—2i) sin vdx = / [zx +1n2— % + In(sinz) | dx

.9 < 2 mT—E
—%+771n2—%+/ Insinzdx =0

We have

mT—E&

lim Insinxzdx = —7Iln 2.
e—0 c

Example 4.16 Evaluate [ * dr—w. Here r_ < r,.
Solution:
There is a branch cut [r_,r;]. Besides there are two poles r=0 and r=co. Choose the
contour C=C,+Co+Cs+Cy+C5+Cs. Ci=[r_ +ic,ry +ig]. Coiz=r ee? —m/2 < On/2.
Cs=[ry —ie,r_ —ie]. Cy=z=r_+ee?, —71/2 < Or/2. Cs=2=pe®. Cq: 1/2=pe®. We have

I
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At the limit ¢ — 0 The integration on Cy and Cy approach zero. The integration on Cj

18

VG- —2)

Cs <

dz = 2miRes(z = 0) = —2m/r_ry.

The integration on Cj is

VE=r)i =2, [ =/I—wr -1,

Cs < Cs w

w

= 2miRes(w = 0) = 2m’%(7’+ +r)=—m(ry +7r).

Ve =2, V=) =)

C1 r_

R 0 PR R s s NI

Cs z r r

r—
Hence we have

" dr Vi —r)(ry—r)

r

7’.;,_"_7"_

= SRy Al + 7)) = (T + ),

IX. PRINCIPAL VALUE

When the integrated function f(z) has a singularity on the curve C' the notation §, f(z)dz

is actually ill-defined. Nevertheless we can define the ” principal value” for such integral. For

/ smk:vdm‘
o0 T—2

Obviously the point =2 is a pole. The principal value of such integral is as follows,

Pr./oo Smkxdmzlim /Z_SSinkxdx+/°° sinkxdx ‘
o T —2 e=0\ J_ o *—2 24e T — 2

Here we learn that the residue calculus is very convenient to calculate such integral. Let us

choose the contour as C =C,+Cy+C3+Cy. Here Cy:[—R,2 — ¢]; Coiz=2+¢ce? 7 <0 < 7.

ikz

Cs=[2+¢,R] and Cy:z = Re??, 0 < 6 < m. Now we have b %dz:fcl dz+ fcg

example,

eikz
“dz +
eikz

eikz eikz o . . . . .
f03 “—dz + fc4 “—dz=0 since inside and on this contour the function Z—

is analytic. In
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particular we evaluate the fourth part approaches zero as R approaches cc.

ikz 7 _i2k ,ikRcos6 ,—kRsin 6
iy - - |/ S Rie do)
22 0 Re? —2
s |ei2k€ichosaefkRsin9| i /ﬂ' efkRsinG
, Rie”|df = —df
—/0 Rev g 1A o R-—2
/2 e kRsing /2 6—2kR9/7r
= 2< ——df <2< —df
- /0 R—2 - /0 R—2
T
- 1= —kR
FRE—p ¢

Next we choose another contour: C_=C,4Cy+C5+C5. Here C5:2=R €, 7 < < 27. Now
e~ tkz e ikz e~ thz e tkz e tkz .

we have ¢, ﬁdz:fcl C—dz + f02 S—dz + fc3 “—dz + fc5 5 dz=—2miRes(z = 2).

Here Res(z = 2)=e~?*. The minus sign is because this integral is clockwise. We also have

the following result for the integration over Cj:

—ikz 7 —i2k ,—ikRcosf kRsinf
| == | Rie™do)|
s 2 — 2 o Re® — 2
T | ,—12k ,—ikRcosf kR sin 0 7 _kRsin6
< / i e‘R . 26‘ ||Rzei9\d9=/ gt
2 ev — 27 -
T o—kRsing /2 e—2kR§/7r
=< —de <2< —d
_/0 R-2 = _/0 R-2 ¢
T
_ 1 — —kR
PR ¢

Therefore we know that when R — oo and € — 0, we have

7{ eth= dz—]g e'h? dz—/ 2isink:zdz+/ 2isinkzdz+/ 2isinkzdz
C+Z_2 072—2 o) z—2 Cs z—2 Cs z— 2

© dink ikz _ —ikz
= 2iPr./ S gvdx—l—/ Ldz
_ 2 Cs

T — z—2

o0

= 2mie 2k,



Here we still need evaluate the integration on Cy at limit ¢ — 0.

6ikz . efikz 0 eiQk eiks cos 067]65 cos 0 €7i2k67iks cos 96k5 cos 0
—dz = o — 0 cie’ do
c, 2—2 x ge’ ee’

0
— / (ez2kezks cos Oe—ka sinf e—sze—zks cos 06k€ sin Q)Zde
™

0
= i(e™* — ei%)/ df = —mi(e™ — e7?F) = 27 sin 2k.

Therefore

2 Pr. / i ;daz 4 27 sin 2k = 2mie %",

—00

Hence

xr —

P'r’./ e k;dx = 7 cos 2k.

oo

Home Work 4.13 Please evaluate the principal value of the following integral:

foo COST_ fon

—o0 22—a2

18

Pr.



