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This lecture introduces the basic elements of Fourier transforms.

I. FOURIER SERIES

Any moderately well-behaved function f(x) which satisfying f(x)=f(x + 27) can be

expressed as sum of a sum of sines and cosines:

[e.e]

flz) = Z(an sinnx + by, cosnx).

n=0

Another form from is

f(z) = _Z cne™.

n=—0oo

Here

1 2w 1 27
a, = _/ f(x)sinnxdz, b, = —/ f(x) cosnxdr, n>1,
™ Jo T Jo

1 2w
bp = — d
0= 0 ), f(z)dx

1 2m )
= oo i f(z)e ™ dx

By changing variable we can now apply this result to any period function with the period
L, namely f(z) = f(x + L):

o

fx) =) (ansin ).

n=0
2 [F 2 2 [F 2
an = Z/(; f(x)81n< ngx> d.’lj, bn:Z/Ov f(‘z.)COS( n;x> dm? n217

L
by = %/0 f(z)dz

2nmx 2mnx
+ b, cos




Another form from is

f(x) _ Z Cn€i2n7m/L.

n=—0oo

L
¢, = / f(l’)@_iQnﬂx/Ldl'.
0

Sometimes f(x) is defined within —L < x < L. Then we have

00
n

flz) = Z(ansin?—i—b %m)

a, = / f(x sm )dm b, = %/L f(x)cos (_mgx) dr, n>1,
~L
bo = i/_Lf(.I')dl’

Example 5.1:
Obtain the Fourier series representation of the function: f(z) = 2% —7 <z < x. and use it

to show that (a) T=300 L. (b)T =" (_173:+1. Solution:

n=1 n2 12 n=1

[ w2
bo = % I2dl’ = 3,
1 (7 T [ ,1 i _ 1
b, = —/ 2% cos nzdr = —/ 2 =dsinng = 222 L o — /sm nxdx®
T Jn T), n n
= —— rsinnrdr = — xdcosnxy = —wcosnz|;—" — — cos nxdx
(O —— n? Joen n e
= S (M=) = (=m)(-1) )—ﬁ(sm(m)—sm(—m))
4m n
So that 2% = +4Zn (= )"COZQM.
(a) At z = m w_—+42n ==y L
(b) At o = 0: 0= 443 CF :>12 > =R

Example 5.2: Show that > - "2 =3(7 — 1), 0 <z < m F(r+2), -7 <2 < 0.

1
2

Solution:



f(x):%(ﬂ' —z),0<z <m; %1(71'—0—13), —m < x < 0. Look at its Fourier Series representation:

1 [T 1 /0 —1 1 [T 1
a, = —/ f(z)sinnxdxr = —/ sinnx—(7r+x)dx+—/ sinnz=(m — z)dx
T J)_x T J)_x 2 T Jo 2
-1 [ . 1[0 1 [ .
= — rsinnzdr — = sinnxdzr + = sin nxdx
2r . 2) 2 Jo
_ -1 (7 : d [ ]x:O + 1 [ ]a::ﬂ
= o _Wassmn:v i 5 cosnx|i=? 5 cosnx)i—g
g L[ cos 0+ cos(—nm)] + —— [ cos(nr) + cos0)
=5 ﬂras COS NI 5 cos cos(—nm 5 cos(nm) + cos
e cosnal =7, — o [ cosnade — 5[4 (<1 + oo [~(~1)" 4 1
= —[rcosnz]|®="  — — cosnxdr — —|[— — —[—(—
2mn =TT 2nm 2n 2n
1 n n : T=Tr 1 1 n
= %[W(—l) — (=m)(=1)" + Sy~ [sinnz][;=7, + o ﬁ(_l)
L[(—1)"] + = [sin(nm) — sin(—nm)] + — — ~(~1)"
= —[(— sin(nm) — sin(—n - — (-
n 2mn? m m non
B 1
T n

1 [7 I ~1 1 (7 1
b, = — f(x) cosnxdr = — cosnr—(m+x)dx + — [ cosnx—(m — x)dz
T ) _n ™ 2 0 2

- s

—1 (7 1 /¢ 1 /[T
= r cosnrdr — 3 cosnzdr + 5 cosnzdx
0

2r . -
= ;—; B x cos nxdr — %[sin T %[Sin nxli—g
-1 /M . L. L. :
= 5 B xdsinnz — %[sm nm — 0] + %[sm(mr) — sin 0]
T
= %[x sinnz||5Z7 . + o /_7T sin nzdx
1 _
=53 [— cosnzx]|5Z"
= 27r1n2 [— cos(—nm) + cos(—nm)] =0

Exercise 5.1: By using expansion of — In(1—z) to show that -, _, € = —In (2sin %)

for 0 < x < 2.

Home Work 5.1: Using the Fourier transform of f(z)=z*, —7 < 2 < 7 to derive the

e (=) 7t
90 ° (b) n 720

following results: (a) =



Home Work 5.2: Using the Fourier transform of f(z)=x when 0 < z < 7 and f(x)=0

2

when —7 < 2 < 0 to derive the following result: m:%.

II. APPLICATION OF FOURIER SERIES

Example 5.3: Find the solution of vz% = % with the boundary conditions:
y(r =0,t) = y(xr = L,t)=0 and the initial condition:
2h 2h(L —
y(x,t =0) = Tx,O <z < L/2;(TQC),L/2 <x<L
and
dy
—(x,t=0)=0
Y e, =0)
Solution:
Let y(z,t)=X(z)T(t). We have Xyﬁzg—;:—k? Then X (z)=Asinkz + Bcoskxz and

T'(t)=C cos kvt+ D sin kvt. To satisfy the boundary conditions. We have B=0 and sin kL=0.

Thus k,="*. Therefore we have

> t t
y(x,t) = Zsin (?) [an sin <n7zv > + b, cos (mzv )} i

To satisfy the initial condition: %(x,t = 0) = 0 one has a,=0. Now we need evaluate b,,.

Since y(z,t = 0)=)_>7, b,sin (2£). So

2 L
b, = 7/0 dxy(x,0)sin (?) dx

4h Lz L . (nTT
= 13 </0 x sin (T) da:—i—/L/2(L—:E)81n (T) dx

8h . nmw
= sin —
n2m2 2

Home Work 5.3: Please work out the integral in Example 5.3

: - : : 292 oy _ 02
Home Work 5.4: Adding a term in the Equation of Example 5.3: v*3-4 — k3/=%4



III. FOURIER TRANSFORMATION

oo

, 1 [F ,
f(l’) _ anezmrx/L’ a, = _/ f(l,)e—zmrx/de'
2 A

n=—oo

L — oo, nm/L — 0. Defining k = %F and Ak = T

. 2L 1 . 2L
— T ikx _ . ikx
flz) = %1_{1% n:goo ane”™ Ak - Py - Lh_{rgo n_EOO a(k)e™ Ak - Ner

Here

T
—~
&
~—
I

2L 2L 1
li li —zk:x
S <\/ﬁa(k)) 2 Vor2L / fla &

Naturally we have

1 & . 1 S [e's] o
flz) = E/OO dkF (k)e'™ = %/Oo dk /OO da' f(a")e ™ etk

= /_ Z da' f (') (% /_ Z dke“f@—x”) = /_ o; da' f(2)0(x — ).

Hence we know that

é(x —12') = i/ dket =),

2m
From this result we can see the Fourier of f(z)=1 is F(k)=v/2md(k). The constant function
is transformed to the delta function and vice versa.

2.2

Example 5.4: Find the Fourier transform of f(z) =e=*™*".

2.2
e dx

=] .

— % Hence we take u = a(z + ik/2a2)

1 K2\ [t adu
F(k) = _,_27r exp (—r.ﬂ) \/_Oo_HQk e E



Home Work 5.5: Please work out the integral in Example 5.4.

Home Work 5.6: Please find the Fourier Transform of the following functions:

(a) —— (b) e~ cos b (c) - (d) el here a is positive.

Parseval’s theorem:

F(k) = % /OO dof(z)e *dx, G(k) = % /_OO dzg(z)e *dx,
_ / F(2)g(x)dz = / " FR)GH (k)

o0

Proof:
It is actually quite straightforward:

/ f(z 2— da:/ dkoo™ _dpF (k)G (p)e™* e
m

/ dkF(k)oo™ dpG() g-dze (k+p)e

dkF (k)oo™., dpG (p)s(k + p)

.
/ dkF (k)G(—F)
- /.

Convolution::

F(k) = %/w dz f(z)e”*dx, G(k \/_/ dzg(z)e *dx,

F(k)G(k) = \/_/ dzh(x)e”*dx, h(x \/_/ da f(u)g(z — u)du.
Proof:

1 % | %
"’”dk::—/ dkF(k e’kx—/ dug(u)e *

N A (k) NeT: g(u)
d dke* @ p(k / d — ).
ug(u \/_/ e \/ﬂ ug(u) f(x — u)

\\
88



Op__
ot

plz,t =0)="%(x —1).

Example 5.5 Da £ The boundary conditions are p(z,t < 0)=0, lim, . p(z,t) — 0.

Solution:

First we make Fourier transform of p(x,t):

1 oo oo . '
o(k,w) = %/OO dx /Oo dtp(z,t)e Fo=it,
1 oo oo . '
t) = 7 /_ ) dk /_ . dwp(k,w)ekerivt

From the equation one has iw=—DFk?. Therefore p(k,w)=p(k)d(w + iDk?). So that

1 [ 4
plast) = o= [ k(b2

21

The initial condition is p(x,t = 0)="5d(x — [). To satisfy this condition:
PSR TR A ik _ 1T _ . m Oo ik(z—1)
plz,t=0)= o /_OO dkp(k)e™ = A(S(x ) = 5 A e dk.

Therefore p(k)=2te~**'. Therefore

m

dk_e—ikl eikm—Dth
2 A

plz,t) =

Example 5.6: Obtain the Green’s function satisfying: & ?ﬁgt —|—26dG(t ) L WRG(t, =6t —
).
Solution:

Making Fourier transform of this equation
—WG(w, ') — 2iwPG(w, ') + wiG(w, ) = —¢“?.

Therefore o
1 61wt

V2T wg — 2ifw — w?

Now we can make G(t,t") by invert the Fourier transform:

G(w,t) =

iwt!
t / 6‘ e
\/27r — 2ifw — w?

To evaluate this integral we choose the contour C' =C1+C5 for t < t' and C_=C1+Cj for
t>t. C:[-FRR]. Coiz=Re?, 0 < 0 < 7. Cs: 2=Re?, 7 < 0 < 27. It is easy to show that

—iwt

G(t,



f02 — 0 as R — oo since

e.

iw(t' —t) zw (t'—t)
d,
| Co wwg — 2ifw — w2 |/ Y+ 22ﬁw w0|
™ —R(t—t')sin6
< . . Rdo
- / |R262’9 2ifR"Y — wi|
R(t—t')sin@
< / RdO
Vv (R? 24+ 40°R?
w/2 7R(t t')sin
= 2 Rdo
o V(R 24+ 407R?
—ZR t—t’ )sm7r
< / RdY
\/ R2 2+ 42 R?

_ 1 (1 _ eR(t—t’))
V(R2 — wo) T 4RR22R(t —t)
= 0 R —> >

Similar for sz' Now the poles are wy=—i8 + y/wi — 32. Therefore

J ezw(t t) 0
7€;+ ww% —2iBw —w?

w(t'—t)
jé dwwg —€2iﬁw — 5= —2mi(Res(w = w4 ) + Res(w = w_)

it (') piw— (')
= —2m [ + }
—(wy —wo) (W —wy)

etV wg—B(t' 1) e-@\/@(t’—t)
+
SN
_ omie Pt L[ EFFED i FR )

_ —2m'e—ﬁ<t—t’>ﬁ(2z) sinfy/w? — B2(t — 1)

= —2mie AEY) [

(JJO -
— 9reB-t) sin[y/wg — B2(t = t)]

3z

Hence we find that

Gt,t) =0, t<t,




Home Work 5.7 Please find the Green function satisfying % Dgig Sz —a)o(t—1t).

¢

IV. SINE AND COSINE TRANSFORMATION
Let f(x) is a function only defined for z > 0. Now let us define a function f(z) as follows:

f(z) = f(z),2 20, f(2) = f(=2),z < 0.

Now let us make the Fourier Transform of f(x):

Fa(k) = \/LQ_W /_ Fla)e ™o dy.

0

— \/%_ﬂ-/_ f(]? —zkxd +_/ f —zka:dx
0

_ \/%—ﬂ_/ f(_ —zlm:d +_/ f —zkzdm.

— L > ik - —ikx

- = / Fl)e ™y + —— / f(@)e ™ da.

= \/%_71'/0 f(@) (™ 4 e ) dg,

2 oo
= \/j/ f(x) cos kxdx.
T Jo
F,(z) is called the Fourier cosine transform of f(x). It is obvious that F.(k)=F.(—k). Thus,

) 00 zkx —ikx
\/j/ F.(k) cos kxdk = \/>/ ( T ) dk
T Jo 2
Fo(k)

1 ik
= —— et dk 4+ —= / Je~ " dk
\/ 2 /
—\/_ ——
- 2kzdk / qud
\/ v 2T 1
= —= k)e*dk = f(z).

\/_
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Similar we can define f(z) as f(x)=f(x) when z > 0 but f(z)=—f(—x) when x < 0. Note
that the function f(z) will be discontinues if f(z) # 0. Then we have

\/LQ_W / h f(x)e **dg.

— _1k$dx+_/ f —zk:cdx
\/_

= _kadl'—f——/ f —zkacdl,
\/_

= (_f( ) zkydy+ / f —z/mdm

vV 27T 0
1 = ik —ik
— T 61 T Te ikx dr.
= - )
= \/>/ f(x)sin kzdr = —iF, (k).
Exercise 5.1 Please prove f(z \/7 fo ) sin kxdk.

Next we have
F. <%) = \/g/()oodx%coskx

_ \/gf(m) cos kx|"=5 — (—k) /OOO f(x) sin kzdz
= —\/gf(0)+sz(k)

Similarly we have F (L)=—kF,(z).

Exercise 5.2: Please prove:
(a) 7o (2h)=—/2L(z = 0) - (k).

(b) F, (%4) k21 (2 = 0) — K2F.(h).
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We can also derive the convolution theorem for the cosine transform:

FF()Felg)] = \/7/ Fe(f)F.(g) cos kxdk

_ \/j]-"c(g) <\ﬁ / F(€) cos kgdg) cos kxdx

_ / dk:/ d¢F.(g [cosk(:v—f)+cosk($+§)]

m/ deF(€)lg(lx — €]) + glx + €))de

Naturally we have similar theorem for the sine transform:

FF(f)Falg)] = f/ Fo(f)Fe(g) sin kxdk

_ \/j}"c(g) <\ﬁ / £(6) sink§d§> cos kadz

_ / dk:/ d¢Fo(g [cosk;( — &) —cosk(x + &)
:F/ AEF()[(le — €]) + gl + )]dg

Here g=F_'[F,(g)]- The following is an example of applying sine transform to solve differ-
ential equation:

Example 5.7 Use a Fourier sine transform to solve the equation j%{ — a*y=f(x) with the
boundary conditions y(x = 0)=y, and lim,_, y(z)=0.

Solution:

Taking the sine transformations of the both side of the equation:

) + by - R0 = R

Naturally we have

2 k’y() 1
FS(y> - \/;k’Q—f-CLQ - kQ—f—CLQJ:S(f)'

Hence one has

2 k 1
y(*) = o ;"Fs_l <k2+a2) - F! (mfs(f))-
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The first term is obtained by

5 [ k&
Yo ;-7:3 <k2+a2)

2
_ sin kxdk = ype

—ax
T Jo k*+a?

The second term is more complicated. We need apply the convolution theorem derived

before. One needs calculate the following quantity first:

-~ coslm Te W
7 (k2—i—a2> \/7/ k2+a2 \/; a (z>0)

Therefore one has

F;l (in - ) 2a/ f fa|:z: g fa|z+§|)d§
_ % (/O f(f)ea(zg)df-i-/ f(§ —a( ac)dg / am+€, d§>
= o ([ r@esac - [T i) + o [ e

At end we obtain

: ( | roesae- | eafds)+‘;—a | reea

Note that when x — oo, y — 0.

y(z) = yoe " +

Home Work 5.8:Please find the solution of aT—Da —> with boundary conditions T'(z =
0,t)=f(t) and T(x,t = 0)=0 for x > 0. Here T'(x,t) is only defined at = > 0.



