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This lecture introduce Laplace transformation.

I. BASIC PROPERTIES OF LAPLACE TRANSFORMATION

Besides Fourier transformation, there are other similar integral transformations. Among

them the most often used one is Laplace transformation. The Laplace transform of f(t) is

defined as

L(f) = F (s) =

∫ ∞
0

f(t)e−stdt.

Here exists a real positive constant M such that |e−σ0tf(t)| ≤ M for all 0 < t < ∞. σ0 is

real. The transform is defined for Re(s) ≥ σ0. Let us first to see some simple examples:

Example 6.1:Find the Laplace transforms of (a) f(t)=eαt (b) f(t)=tp (c)f(t)=cosωt.

Solution:

(a):

F (s) =

∫ ∞
0

eαte−stdt =
1

α− s
e(α−s)t|t∞t=0 =

1

s− α
.

(b):

F (s) =

∫ ∞
0

tpe−stdt =

∫ ∞
0

(u
s

)p
e−u

du

s
=

1

sp+1

∫ ∞
0

upe−udu =
Γ(p+ 1)

sp+1
.

(c):

F (s) =

∫ ∞
0

eiωt + e−iωt

2
e−stdt =

1

2

(
1

s− iω
+

1

s+ iω

)
=

s

s2 + ω2
.

Example 6.2: Prove that (a) L(df
dt

) = −f(0) + sF (s) (b) L(e−atf) = F (s + a) (c)∫∞
s
F (σ)dσ = L

(
f
t

)
.

Solution:

(a): ∫ ∞
0

df

dt
(t)e−stdt = f(t)e−st|t=∞t=0 −

∫ ∞
0

(−s)f(t)e−stdt = −f(0) + sF (s).

(b): ∫ ∞
0

e−ate−stdt =

∫ ∞
0

e−(s+a)tdt = F (s+ a).
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(c): ∫ ∞
s

F (σ)dσ =

∫ ∞
s

dσ

∫ ∞
0

dtf(t)e−σt =

∫ ∞
0

dtf(t)
e−σt

−t
|∞s =

∫ ∞
0

f(t)

t
e−stdt.

Example 6:3:(a) Θ(t−t0)=1 when t > t0; Θ(t−t0)=0 when t < t0 then L(Θ(t−t0)f(t−

t′))=e−st0F (s).

(b)If f(t) is periodic function with period T and f(t+nT )=g(t) as nT ≤ t ≤ (n+ 1)T . g(t)

is zero except in [0, t]. Please show that F (s)= G(s)
1−esT ,G(s)=

∫ T
0
dtg(t)e−stdt.

Solution:

(a):

L(Θ(t− t0)f(t− t0)) =

∫ ∞
0

Θ(t− t0)f(t− t0)e−stdt =

∫ ∞
t0

f(t− t0)e−stdt

=

∫ ∞
0

f(u)e−s(u+t0)du = e−st0
∫ ∞
0

f(u)e−sudu.

(b):

f(t) = g(t) + Θ(t− T )g(t− T ) + θ(t− 2T )g(t− 2T ) + ... =
∞∑
n=0

S(t− nT )g(t− nT ).

Since we have L(Θ(t− t0)f9t− t0))=e−st0F (s). So that

F (s) = (1 + e−sT + e−2sT + ...)G(s) =
G(s)

1− e−sT
.

Home Work 6.1: Prove that (a) L(tf) = −dF
ds

(s) (b) L(1−cos t
t

) = 1
2

ln
(

1 + ω2

s2

)
.

Home Work 6.2: Find (a) L(te
√
t) (b) L

(
sinhαt
t

)
.

Home Work 6.3 Please find the inverse Laplace transform of (a) s
s2+2s+3

(b) 1
(s2+a2)2

.

II. APPLICATION OF LAPLACE TRANSFORMATION

Example 6.4: d4y
dx4

=q(x), here q(x) = K, (L − l)/2 ≤ x ≤ (L + l)/2, q(x)=0 otherwise.

Here boundary conditions are y(0)=y(L)=0. y′′(0)=y′′(L)=0.

Solution:

Making Laplace transform of the equation:

s4Y (s)− s3y(0)− s2 dy
dx

(x = 0)− sd
2y

dx2
(x = 0)− d3y

dx3
(x = 0) = Q(s).
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Q(s) =

∫ (L+l)/2

(L−l)/2
Ke−sxdx =

−K
s

[
exp

(
−L+ l

2
s

)
− exp

(
−L− l

2
s

)]
=

2K

s
e−Ls/2 sinh

ls

2
.

Y (s) =
2K

s5
e−Ls/2 sinh

ls

2
+

1

s2
dy

dx
(x = 0) +

1

s4
d3y

dx3
(x = 0).

We have

y(x) = 2KL−1( 1

s5
e−Ls/2 sinh

ls

2
) +

dy

dx
(x = 0)L−1

(
1

s2

)
+
d3y

dx3
(x = 0)L−1

(
1

s4

)
=

K

24

(
x− L+ l

2

)4

Θ

(
x− L+ l

2

)
− K

24

(
x− L+ l

2

)4

Θ

(
x− L+ l

2

)
+ x

dy

dx
(x = 0) +

x3

6

d3y

dx3
(x = 0).

Now we determine the value of dy
dx

(x = 0) and d3y
dx3

(x = 0).

y(x = L) =
K

24

(
L− L+ l

2

)4

− K

24

(
L− L+ l

2

)4

+ L
dy

dx
(x = 0) +

L3

6

d3y

dx3
(x = 0).

=
K

24

1

2
Ll(L2 + l2) + L

dy

dx
(x = 0) +

L3

6

d3y

dx3
(x = 0) = 0.

d3y

dx3
(x = L) =

K

2

(
L− L+ l

2

)2

− K

2

(
L− L+ l

2

)2

+ L
d3y

dx3
(x = 0) = 0.

Hence we determine the values of dy
dx

(x = 0) and d3y
dx3

(x = 0) as

d3y

dx3
(x = 0) = −Kl

2
,
dy

dx
(x = 0) =

Kl

48
(3L2 − l2).

Therefore we obtain the answer

y(x) =
K

24

(
x− L+ l

2

)4

Θ

(
x− L+ l

2

)
− K

24

(
x− L+ l

2

)4

Θ

(
x− L+ l

2

)
+ Kl

(
3L2 − l2

2

)
x− 2Klx3.

Home Work 6.4 Use Laplace transform to solve the equation tdy
dt

+ y=e−t.

Home Work 6.5Use Laplace transform to solve the equation : d
2y
dx2

+ 1
x
dy
dx

+ y=0.
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III. CONVOLUTION

:

L
(∫ t

0

f(τ)g(t− τ)dτ

)
= F (s)G(s).

Proof:

L
(∫ t

0

f(τ)g(t− τ)dτ

)
= lim

T→∞

∫ T

0

dt

∫ t

0

dτe−stf(τ)g(t− τ)

= lim
T→∞

∫ T

0

dτ

∫ T

τ

dte−stf(τ)g(t− τ) = lim
T→∞

∫ T

0

dτ

∫ T−τ

0

due−s(u+τ)f(τ)g(u)

= lim
T→∞

∫ T

0

dτ

(∫ T−τ

0

due−sug(u)

)
f(τ)e−sτ

= lim
T→∞

(∫ T/2

0

dτ

∫ T/2

0

du+

∫ T

T/2

dτ

∫ T−τ

0

du+

∫ T/2

0

dτ

∫ T−τ

T/2

du

)
e−sug(u)f(τ)e−sτ

= I + II + III.

Next we can show II and III both converge to zero when T approaches infinity. Because

|g(u)| ≤M1e
σ1u and |f(τ)| ≤M2e

σ2τ for 0 < u < T/2 T/2 < τ < T . Therefore

|II| ≤M1M2|
∫ T

T/2

e(σ2−s)τdτ

∫ T−τ

0

e(σ1−u)du|

= M1M2|
∫ T

T/2

e(σ2−s)τ
1− e(σ1−s)(T−τ)

s− σ1
dτ |

=
M1M2

s− σ1

[
e(σ2−s)T/2 − e(σ2−s)T

s− σ2
− e−sT e

σ2T − e(σ1+σ2)T/2

σ2 − σ1

]
→ 0asT →∞.

Similarly III also approaches zero when T approaches infinity. Therefore we only need

evaluate I

lim
T→∞

∫ T/2

0

dτ

(∫ T/2

0

due−sug(u)f(τ)e−sτ

)
=

∫ ∞
0

e−sug(u)du

∫ ∞
0

e−sτf(τ)du = F (s)G(s).

Home Work 6.6 Please find the inverse Laplace transform of ωs
s4−ω4 .

Example:Please solve Ld2q
dt2

+Rdq
dt

+ q
C

=E0 cos Ωt by Laplace transform.

Solution:
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First we make Laplace transform of the first term of LHS: L
(
di
dt

)
=L

(
d2q
dt2

)
=s2Q(s)− dq

dt
(t =

0) − sq(t = 0). The second term is also transformed as L
(
dq
dt

)
=−q(t = 0) + sQ(s). Hence

we make Laplace transform of both sides of the equation:

s2LQ(s) + sRQ(s) +
Q(s)

C
= E(s) =⇒ Q(s) =

E(s)

s2L+ sR + 1
C

= E(s)R(s).

R(s) =
1

Ls2 + sR + 1
C

=
1

L

(
1

(s+ α)2 + ω2

)
.

α= R
2L

and ω2= 1
LC
−R2

L2 =ω2
0−α2. The inverse Laplace transform of R(s) is r(t)= 1

Lω
e−αt sinωt.

Hence

q(t) =

∫ t

0

dτ
E0
Lω

cos Ωτ sinω(t− τ) exp[−α(t− τ)].

IV. MELLIN TRANSFORMATION

f(t) =
1

2πi

∫ γ+i∞

γ−i∞
F (s)estds.

L(f(t)) =

∫ ∞
0

dte−st
1

2πi

∫ γ+i∞

γ−i∞
F (σ)eσtdσ

=
1

2πi

∫ γ+i∞

γ−i∞
dσF (σ)

∫ ∞
0

dte(σ−s)t

=
1

2πi

∫ γ+i∞

γ−i∞
dσF (σ)

e−(s−σ)t

σ − s
|∞0

=
1

2πi

∫ γ+i∞

γ−i∞
dσ

F (σ)

s− σ

L(f(t)) = −2πiRes(σ = s) = F (s).

Example: Find the function f(t) such that L(f(t))= 1√
s
.

Solution:

Choose the contour C=C1+C2+C3+C4+C5+C6. C1:[γ− iR, γ+ iR]. C2:z = γ+Reiθ, π/2 ≤

θ ≤ π − ε′. C3:[γ − R + iρ sin ε,−ρ cos ε + iρ sin ε]. C4: z = ρeiθ,θ runs from π − ε to π + ε

clockwise. C5:[−ρ cos ε− iρ sin ε, γ −R− iρ sin ε], C6: z = γ +Reitheta,π + ε′ ≤ θ ≤ 3π/2∮
C

est√
s
ds = 0.
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First we show that
∫
C2

and
∫
C4

approaches zero when R→∞.

|
∫
C2

est√
s
ds| = |

∫ π−ε′

π/2

eγteRt cos θeiRt sin θ√
γ +Reiθ

Reiθidθ|

≤
∫ π−ε′

π/2

|eγteRt cos θeiRt sin θ|
|
√
γ +Reiθ|

|Reiθi|dθ =

∫ π−ε′

π/2

|eγteRt cos θ|
|
√
γ +Reiθ|

Rdθ

≤ eγt
∫ π−ε′

π/2

eRt cos θ

|
√
R− γ|

Rdθ = eγt
∫ π/2−ε′

0

e−Rt sin ξ

|
√
R− γ|

Rdξ

≤ eγt
∫ π/2−ε′

0

e−2Rtξ/π√
R− γ

Rdξ ≤ eγt
πR

2R
√
R− γ

(
1− e−Rt

)
→ 0.

Here we have ξ=θ − π
2
.

|
∫
C6

est√
s
ds| = |

∫ 3π/2

π+ε′

eγteRt cos θeiRt sin θ√
γ +Reiθ

Reiθidθ|

≤
∫ 3π/2

π+ε′

|eγteRt cos θeiRt sin θ|
|
√
γ +Reiθ|

|Reiθi|dθ =

∫ π+ε′

3π/2

|eγteRt cos θ|
|
√
γ +Reiθ|

Rdθ

≤ eγt
∫ 3π/2

π+ε′

eRt cos θ

|
√
R− γ|

Rdθ = eγt
∫ 0

π/2−ε′

e−Rt sin ξ

|
√
R− γ|

R(−dξ)

≤ eγt
∫ π/2−ε′

0

e−2Rtξ/π√
R− γ

Rdξ = eγt
πR

2R
√
R− γ

(
1− e−Rt

)
→ 0.

Here we have ξ=3π/2− θ. Next we have

|
∫
C4

est√
s
ds| = |

∫ −π/2+ε′
π−ε′

eγteρt cos θeiρt sin θ√
γ + ρeiθ

Reiθidθ|

≤
∫ π−ε′

−π/2+ε′

|eγteρt cos θeiρt sin θ|
|
√
γ + ρeiθ|

|ρeiθi|dθ =

∫ π−ε′

−π+ε′

|eγteρt cos θ|
|
√
γ + ρeiθ|

ρdθ

≤ eγt
∫ π−ε′

−π+ε′

eρt cos θ

|
√
ρ− γ|

ρdθ ≤ eγt2π
ρ
√
γ
→ 0

as ρ→ 0. Therefore under the limits R→∞, ρ→ 0 we have∫
C1

est√
s
ds = −

(∫
C3

+

∫
C5

)
est√
s
ds.

∫
C3

est√
s
ds =

∫ ∞
0

e−rt√
reiπ

dr =
1

i

∫ ∞
0

e−rt√
r
dr.∫

C5

est√
s
ds =

∫ 0

∞

e−rt√
re−iπ

dr =
1

i

∫ ∞
0

e−rt√
r
dr.

Hence we obtain∫ γ+i∞

γ−i∞
= −1 · 2

∫ ∞
0

e−rt

i
√
r
dr = 2i

∫ ∞
0

2e−rtd
√
r = 2i

√
π

t
= 2i

√
π

t
.
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Hence
1

2πi

∫ γ+∞

γ−i∞

est√
s
ds =

1√
πt
.

Home Work 6.7 Using the Mellin inversion integral with branch cut from −a to a along

the real axis to obtain the inverse Laplace transfrom of F (s)= 1√
s2−a2 . (Hint: change

variable to z, s=a
2

(
z + 1

z

)
. )

Home Work 6.8: Show by evaluating a Mellin inversion integral that

L−1
(
s
e
−
√
s/kx
)

=erfc
(

x
2
√
kt

)
. Here erfc(y)= 2√

π

∫∞
y
e−u

2
du.


