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This lecture introduce Laplace transformation.

I. BASIC PROPERTIES OF LAPLACE TRANSFORMATION

Besides Fourier transformation, there are other similar integral transformations. Among

them the most often used one is Laplace transformation. The Laplace transform of f(t) is

defined as
LU =Fe) = [ s
0
Here exists a real positive constant M such that |e” 7 f(¢)| < M for all 0 < t < co. 0y is
real. The transform is defined for Re(s) > (. Let us first to see some simple examples:

Example 6.1:Find the Laplace transforms of (a) f(¢)=e** (b) f(¢t)=t? (c)f(t)=coswt.

Solution:

(a):

o 1
I _ at 7stdt _ (a—s)t to_o _
(s) /0 e“e e >0
o o P d 1 o r 1
F(s) = tPe Sdt = <E> e = uPe "du = —(p + )
0 0 S S gpt1 0 gpt1

o] eiwt + e—iwt 1 1 1 S
F = _— _Stdt - = - .
(5) /0 2 ‘ 2(3—iw+s+iw) 52 4+ w?

(b):

(c):

Example 6.2: Prove that (a) E(%) = —f(0) + sF(s) (b) L(e™™f) = F(s + a) (c)
[ F(o)do =L ({)
Solution:

(a):
/0 Z—J;(t)e_Stdt = f(t)e *"|i=° —/0 (=s)f(t)e~"tdt = —f(0) + sF(s).

/ e e ttdt = / eIt = F(s +a).
0 0



/:OF(J)dU:/:OdJ/OOOdtf(t)e”t:/ dtf(t) / () e dt.

Example 6:3:(a) O(t —ty)=1 when t > to; O(t—ty)=0 when t < t; then L(O(t —to) f(t—
t'))=e s F(s).
(b)If f(t) is periodic function with period T" and f(t +nT)=g(t) as nT <t < (n+1)T. ¢(t)
is zero except in [0, ¢]. Please show that F(s)= G(e‘?T,G(s):fOT dtg(t)e s'dt.

Solution:
(a):
L(O(t —to)f(t —to)) / Ot —to) f(t —to)e *dt = /: f(t—to)e *tdt
/ Fu)e=+0) gy, — =510 / Flu)e " du.
(b):
F(t) = g(t) + Ot — T)g(t — T) + 0(t — 2T)g(t — 2T) + ... = i S(t —nT)g(t — nT).
Since we have £(O(t — to) f9t — to))=e—*F(s). So that
Fls) = (L+ e 4T 4 )G(s) = ; f(:)sT

Home Work 6.1: Prove that (a) L(tf) = —%£(s) (b) £(:=42t) = 11n (1 + ‘;’—;) :
Home Work 6.2: Find (a) £(teY?) (b) £ (sbat),

1
(52+a2)2"

Home Work 6.3 Please find the inverse Laplace transform of (a) 55 (b)

II. APPLICATION OF LAPLACE TRANSFORMATION

Example 6.4: 334/— (x), here q(x) = K, (L —1)/2 <z < (L+1)/2, q(x)=0 otherwise.

Here boundary conditions are y(0)=y(L)=0. y"(0)=y"(L)=0.
Solution:

Making Laplace transform of the equation:

d2y

dy
&2 02
dxz =0 da (@

s*Y (s) — s°y(0) — 7

——(z=0) -



(L+1)/2 K I I -
Q(S) = / Ke™™dx = — {exp <— ; 5) — exp (_ 5 s)} — 2 oLs/2 g
( S

L-1)/2 S
2K 1o Is 1dy d3y
= S h _— — _—— —
Y (s) 5 ¢ 5 + = dm(x 0) + o dxs(a: 0)
We have
L 1s2 s dy 1 d*y a1
y(z) = 2KL (5 /2 sinh 2)+d—(x—0)/$ = +@(x:0)£ o
_E (LN g LN K (Ll Lt
— 2 \" T 2 T 2 \" T 2 2
dy 3 d3
+x%(x—0) 6d3(x—0)

Now we determine the value of fl—g(a: =0) and <% (z = 0).

e (55 -5 5
Ld

dy °y
LY@ =0)+ =Y
- TR}
K1 dy L3 d3y
_ Rl iy Y Z Y =0 =0
515 L+ 1)+ L I (x=0)+ deg(x 0)=0
d3y K L+1 K L+1 d3y
=t =7 (L 2 ) 2( 2 ) Flyse=0=0
Hence we determine the values of g (x =0) and jxg(x =0) as
d®y Kl dy _ KL,
i r=0)=—-—".  L(x = L

Therefore we obtain the answer

K L+1\* L+l K L+1\* L+1
o = g1 (o=550) e (- 557) ~mi (- 55) o -5

L? —[?
+ Kl(3 5 ):1:—2le3.

Home Work 6.4 Use Laplace transform to solve the equation td—y + y=e"t.
Home Work 6.5Use Laplace transform to solve the equation Y4 1du g

z dw



III. CONVOLUTION

(/ f(r)gt—r dT) = F(s)G(s).

Proof:

(/f t—TdT)—hm dt/dTe SF(T)g(t —7)

T—7
= lim dr / dte™*' f(1)g(t — 7) = lim dT / due™ ") f(1)g(u)
- 0

T—o00 0 T—o00 0
T T—1

= lim dr (/ due_sug(u)) f(r)e™®"

T—oo 0 0

T/2 T/2 T T—7 T/2 T—7

= lim / dT/ du—l—/ dT/ du—l—/ dT/ du | e *g(u)f(r)e ™"

T—oo \ Jo 0 T/2 0 0 T/2
=I1+I1+1I1.

Next we can show I and I1I both converge to zero when T approaches infinity. Because

lg(u)| < Mye®* and |f(7)] < Mae" for 0 <u < T/2T/2 <1 <T. Therefore

T T—r1
[IT| < MyM,| [ eo2=9)7dr / 717 dy|
T/2 0
T ) (T—
1 — elor=8)(T—7)
= M, M, el = ¢ dr|
T/2 §—01
M M (O’Q—S)T/2 _ (O’Q—S)T ooT _ (0'1+0'2)T/2
= {e ¢ —e_STe ¢ ] — OasT — oo.
S — 01 S — 09 02 — 01

Similarly 711 also approaches zero when T approaches infinity. Therefore we only need

evaluate [

711_1)130 OT/2 dr (/OT/2 dueS”g(u)f(T)eST> = /OOO e *g(u)du /000 e f(1)du = F(s)G(s).

Home Work 6.6 Please find the inverse Laplace transform of .

Example:Please solve L%4 dtQ + qu + &=&y cos Qt by Laplace transform.

Solution:



First we make Laplace transform of the first term of LHS: £ (%)=L <ﬁ> =52Q(s) — %(t =
t=20

d
0) — sq(t = 0). The second term is also transformed as L (% ) + sQ(s). Hence

~—
I
|
=
—

we make Laplace transform of both sides of the equation:

s2LQ(s) + sRQ(s) + @ =E(s) = Q(s) = % = E(s)R(s).

R(s) 1 1 1

S| =m—7m——= — e —— .
Ls?+sR+%5 L \(s+a)?+w?

1 _ R?

_R 2_ 22 - - _ 1 —atg
a=5; and w’=15—7z=wj—0a’. The inverse Laplace transform of R(s) is r(t)=7-e~* sinwt.

1
Lw
Hence

t
q(t) = / dq-é cos Qrsinw(t — 7) exp[—a(t — 7)].
0 Lw

IV. MELLIN TRANSFORMATION

£t = = / T pe)etds,

270 S oo

[e's) . 1 y+ioco .
LF(D) /0 dte™' /7  F(o)etdo
1 y+ioco 00
= — dUF(U)/ dtel 7 =)t
211 Y—100 0
1 y+ioco
= — doF(o)

271

ef(sfo')t

— I
Y—100 o S

1 [ofie R
_ 1 o (o)
271

y—i00 §—0

L(f(t)) = —2miRes(c = s) = F(s).

Example: Find the function f(¢) such that L(f(t))=

-

Solution:
Choose the contour C=C+Cy+C5+Cy+Cs+Cs. Cr:[y—iR, v +iR]. Co:z = v+ Re? m/2 <
O <m—¢. Cs:[y— R+ ipsine,—pcose +ipsine]. Cy: z = pe? § runs from 7 — € to 7 + €

clockwise. Cs:[—pcose —ipsine,y — R —ipsine|, Cg: 2 = v + Relhela g 4+ ¢ <0 < 37/2

7{ est
ds = 0.
c Vs




First we show that [, and [, approaches zero when R — oo.

) oy
T—€ e'yteRt cos 062Rt sin 6

6st
[ Sasl=1 ] |
cy V'S /2 V7 + Re?

o . . o
/W € ’evteth050€thsm6'||R€i9i|d9:/ﬂ' € |e“/t6thos0|

/2 |/ + Re®| /2 ]\/7+Rel9\

Reido)|

. ned Ricosd I nj2—¢ —Rtsmf
= lm VR - VR
m/2—€ ,—2Rt€/x TR
< e i FRd{’ 2R\/R——7 (1 — e_Rt) — 0.
Here we have {=60 — 7.
| d3| | 3m/2 emtethosaein;smaRewi(w|

Ce \/_ e v Y+ Ret

37/2 | vt Rtcosf iRtsin 0 ' Yt Rt cos O
S / ’6 € e |\R€’92\d9:/ |€ |
s 3

+e [V + Re®| /2 |\/7+Rew|

37 /2 eRtCOSH 0 ethsmf
< e L Rdf = " R(—de)
. |

+€ | R—’V w/2—€ |\/R_7|
w/2—€ e 2RtE/m TR
< e ——Rdf ="' ———— (1 — ) = 0.
0 VR —7 2R\/R —~ ( )
Here we have {=37/2 — 6. Next we have
est —m/24+€ _~t ptcosf ,iptsinf )
[ S_ds| = L — T

ca VS T—¢ Vv + pet?

m—¢ ~t ,pt cos O iptsin O ) m—¢ ~t ,pt cos O
< / |€ e e ||p€lel|d0:/ M’Ode

—r/2+¢ |\ + petd| —nte |y + pe?|

T—€ ptcos 0
< e”/ —pdf < o 50

77r+e’|\/p_’7| N \/’7

as p — 0. Therefore under the limits R — oo, p — 0 we have

A
:/‘VEF %/WK

=il F

Hence we obtain

y+ioo 006th 00 T T
= —1-2 dr = 2i 2e " dyr = 2iy [ — = 2iy | —.
A e G




Hence

1 y+oo est

J 1

— —ds = —.

210 ) ino VS Vit

Home Work 6.7 Using the Mellin inversion integral with branch cut from —a to a along

the real axis to obtain the inverse Laplace transfrom of F(s)= \/521_7(12 (Hint: change

variable to z, s=% (2 + 1). )
Home Work 6.8: Show by evaluating a Mellin inversion integral that
L1 (gf \% S/’“):erfc (#H) Here erfc(y):\% fyoo e du.



