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This lecture introduce Legendre functions

I. GENERATING FUNCTION OF LEGENDRE POLYNOMIALS

The solution for Poisson equation
V2u(r,0,¢) = p(r,0) = —476(x)5(y)0(z — rs).

can be obtained from the result of Chapter 1. It is
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The above solution is only for r < ry. Now if we set r,=1 we can expand the solution as

(e 9]

u(r,8) = ZTIH<COS 0) = (1 — 2rcosf + r2) /2,
=0

It can be written as
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On the other hand, if we limit ourselves to r < 1 then the Poisson equation is just like Laplace
equation. In spherical coordinate the solution u(r,d)=R(r)P(0) which is independent of ¢

should satisfy those equations:



It is easy to see if P(u) is polynomial, the value of k£ must be [({ + 1). Here [ is an integer.

Hence we have
Z Ar' + l+1

Since we consider the solution for 0 < r < 1. To match the two solution we know Pj(u)

must satsify the equation:
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Home Work 7.1: Please prove that if P(u) is polynomial, the value of k£ must be [(l 4 1).

II. LEGENDRE FUNCTIONS

Since we have
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Rodrigues Formula:
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Orthogonality
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Recursion Relation:
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Home Work 7.2: Please prove that [ P,(p)=uP] (1) —

P/ ,(p). (Hint: Using %).

Home Work 7.3: Please use the previous results to prove that

() (20 + VA)=PLu (1) — Py (1)
(b) P (p)=nPi() + (52) Pi(n)
(©) Pua(w)=nPilpr) — (74 ) Fl(w)

Example 7.1: V2V (r,0,$)=0 with V=Vj for r=a,0 <0 < . V=0for r=a, T <6 <.

Please find the solution for r < a.

Solution:
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Vo,0 < cosf < 1,

0,—1 <cosf <0.
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0



Home Work 7.3 Please show that fo Py(cos B)d cos §=—-"= ’“ > 1

From the above result we have

For =0 we have Ag="2. Therefore we obtain V (r, §¢)="2 |1 — "% 2L P4 (0) (g)l Py(cos 9)] :

III. ASSOCIATED LEGENDRE FUNCTIONS

If we go beyond the axial symmetric situation, the Laplace equation in spherical coordi-

nate become as follows:
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WE find the solutions are related by Legendre polynomials in an interesting way. Remember
that
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Taking m times derivatives one has the following identity:
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Set F'(u)=(1— /ﬂ)m/g% then
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Therefore we know the solution for m # 0 case is proportional to F(u). We define the

following ones called associated Legendre functions:

R () = (1)1 = ()" Rl

Example 7.4: Please prove that fjll P ()P (p)dp= gfg:% Solution:
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Since we have
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Example 7.5: Please prove that (a) (I —m + 1)y/1 — 2P '=P", — upPy™.
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Solution:

(a):

From [ P(p)=pP/ (1) — P/_;(p). Taking m — 1 times derivatives:
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(c):
From (a) and (b) we have
QU+1)P" —p2l+1)P" = (I-m+1)P" — (Il —m+1)P,.
pl+1)P" = —(Il-m+1)P" + (I -m+1)F} + 20+ 1)P",
— +1)P" = (I+m)P" + (1 —-m+1)P},

Home Work 7.4: Please show that
() B ()=—m—A= P (1) = /T = 2 PM(M)
b)Yl +m)(l—m+1) Pm L :‘/1_M _ 1u _ppm.

IV. SPHERICAL HARMONICS

The general solution to Laplace equation in spherical coordinate is written as

O(r,0,9) = Z Z [ (Almr + B;H) P/™(cos )e™?.

=0 m=—1

For convenience we define the spherical harmonics Y}, (6, ¢):

2041 (1 —m)! A
Yim(&ﬁb):\/ 4; El+:;!ﬂm(cose)e’m¢.

With such definition we have
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/ deost | Yim(0, )Y (0, 6) = Subym.
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Example 7.6 Find the solution to V2V (r,0, $)=0 for r < a with the boundary conditions:
V(ir=a,0,0<¢<m=V, V(r=a,0,7 < ¢ <2m)=0.

Solution:

T‘ 0 ¢ ZAlmr }/lm

V(a767¢) = ‘/07 Og(bgﬂ-a

=0, m<¢ <27
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Ay = 0, even m/.

Set Clm:fjll P(cos@)d cosf. For I=m=0, one has App="2. For m = 0, but [ # 0. we has
fjll pi(cos @) cos 0=0. Therefore we have

V(0,6) =5+ > > (2) \/ 214;(11)3 r;)T!n) o Yin(09).

m
=1 oddm=—1

Home Work 7.5Please prove that Ci,,=mF41(0) P (0)5(—1)m+1/2,

V. THE ADDITION THEOREM

v is the angle between two vectors 7=rsinf cos¢é, + rsinfsin¢é, + rcosfe, and
r'=rsin @’ cos ¢’'é, + rsiné sin ¢’é, + r cos@'é,. one has

l

4
Pcos ) = D 5rg Yin(6.6)¥ir,(6.9).

Proof:

Py(cos~y) can be expanded as

Py(cos7) Z A (0, )Y (0, 0).

m=—1

Here
A, = / Pi(cos 7)Y, (0, 6)deo.

If we try to use the coordinate where 7 is the z-axis, then we can regard Y} (0, ¢) as a

function of v and . Here 7=rsiny cos B¢/, + rsinysin fe’, + r cosye',.

l
Qb): Z Bm’ lm’(ry»B)‘
m/=—1
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If ~ approaches zero, which means 7 moves to 7 then we know only the term of m/=0

survives because of symmetry. That is

lim Y (0,6) = V- (6, &) = BoYio(0, ) = Boy| oL

¥—0 47

[ Ar
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0= 20+ 1 lm(e 7¢)
On the other hand we have

20+1 20+1
Bo= [ 5.0.00ial. 00, =22 [¥5,0.0)P(cos)an, = |22 4,000,

Therefore we have

Hence we have

dm
Al 6) = S Vi 0.9,

So we prove this theorem.



