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This lecture was given on Nov 5th.

I. 1-D SYMMETRIC MOLECULAR VIBRATION

For a molecule like C'O,, we have a system with three particles aligning a line. The

Lagrangian of this system can be written as
—‘1‘72"‘—3‘33 U(‘I1—1’2|)—U(|Q32—I3D

This system owns the translation invariance, so the C.M momentum is conserved. therefore
the motion of the centre of mass must be uniform. Hence one should be able to separate

the C.M motion from the inner motions of the molecule. We can adopt the new coordinate:

Mo + M3 ms

r1 = Reu + Ti2 + x23,
Mo + Mo + M3 mi + Mo + M3
m ms
r9 = Ronm — T12 + T3,
My + Mg + M3 mi +mg + m3
. R my + mo . my .
3 = hew — 12— 235
m2+m2+m3 m1+m2+m3
For many molecule, m;=mg, then it is convenient to set A—M and B=—"L—,
1+me 2mi+ms3

21 = Roy + Axio + Bras, 9 = Roy — Bria + Bros, x5 = Roy — Brig — Axag,

Now we can write down the kinetic energy T' of each particle as follows,

7127% = %(RéM -+ A2‘T%2 + BQ$§3 + QARCMZL’lQ + QBRCMQ323 + 2AB.§L’12SL’23)
%x% _ %( R2,, + B2, + B%%, — 2BRoyine + 2BRenrins — 2B 19d93)
M2 = T (R2 4 B2, + A%2, — 2BReyine — 2ARc s + 2ABi1a0s)
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Since we have

my(my + mg) — mamy — m3

=0.

mlA — TTLQB — mlB =

2mq + mo



Therefore we have

Mo + le m1A2 + TTLQB2 + m132 .
L= 5 ——— Ry + ( 5 1

<m1A2 + m232 + m1B2>

Losg + (4m1AB — ngB )1'12.1’23 — U(Q?u) — U(l’gg).

Set a:<m1A2+m2232+mlB2> and $=(4m;AB — 2myB?) then

M . . . o
L= 7R%‘M + CYJI%Q + Oéwgg + ﬁx12x23 — U(.Tlg) — U(%Qg).

The equations of the motions are

3y y dU (x ) y dU (zx
2atyp + oz = — ( 12)7 2093 + P12 = — ( 23)-
dx19 dxos
The positions of the equilibrium are given as
dU($12> ’ - dU(ZL’Qg) ‘ —0
dl’lg T12=T ) dlC23 To3=T .

Making Taylor expansion around the equilibrium point,

dU(ZL‘lz) . dQU(ZL‘lz)

dl‘lg de‘%z

dU(fL‘gg) - dzU(Igg)

dres i, |oss—s (T23—T)+O((223—T)?),

|era=2(212—2)+O((212—7)?),

d? U(z)

Set {=x19 — & and n=x93 — T and |z=z=#k. Hence we have

20 + Bij = —k€, 2aij+ BE = —

By adding and subtracting the two equations we reach the following equations,

(20 +B)C = —K(, (2a — B)F = —ko.

here (=£ + 1 and 0=¢£ — 1. The tqo equations are independent so we reach the answer,

C(t):C(O)cos( 2aiﬁ)t+ é(o: sin< 2&iﬁ)t,

2a+p3
a(t):J(O)cos(,/Qa/iﬁ)t+ d% sin( ﬁ) t,

The motions of the molecule is completely determined.



II. HOW TO FIND THE NORMAL MODES

The above method is not applicable in general. Here we bring the general method to
solve the same question. The basic idea is that we assume there are some particular modes
of the motion which owns only one frequency. This kind of mode is called normal mode. In
principle if one can find the normal modes then the general solution must be constructed
from the linear combinations of those modes. How to find those modes? The first step is to
assume that

é-: Iélez’wt7 n = B@th.

Insert these ansatz one obtains
—2aw?A — Bw?’B = —kA, —20w’B — fw?A = —kB.
One can rewrite the equations as the matrix form,

20w+ Kk —fBw? A 0
—Bw?  2aw’+k] \B 0
Now we expect this 2 x 2 matrix cannot be inverted, otherwise A and B must be zero.

Therefore we have the following equation,

—20w?+ Kk —fw?
det = 0.
—Bw?,  —2aw?+k

This equation determines the values of the characteristic frequencies.

9w 2324 =) s % = K ko
(—2aw” + K)” — fw w 01 20 0

When wQZﬁ, one can find the corresponding mode by inserting the value of w,

Bk =Bk

s men | () (0) 4 p
—Br_ _Bk

%+8 20+8 B 0

On the other hand, when wzzﬁ,we have

—Bk  —fBk

s | [(A) () 4o g

b B |\ B 0

20— 2a—p



Since the equation only determine w, the frequency can be either w or —w. However, the

When +w, ==+ .

atB’
* 1 . W . —iw
E(1) = ai(t) = 5 (A% i )est 1 (A% — ial)er)
AR oAl K _
= Al cos 2a+5t A’ sin 2a+5t‘ n(t) =&(t).
When +w_ =+ ﬁ,
1 , .
€() = gil1) = 5 (A" +iAD ) 4 (A% —iAT)ert)
_ AR R AT K __
= A" cos 50— 3 A’ sin 2@_5t. n(t) ¢ (t).
The general solutions of ¢;(t) and go(t) are
K K
£(t) = Al cos 20t B — Al sin 2a+ﬁt
+ AP cos Qa,iﬁ — Al sin 204’1— Bt,
K K
n(t) = Afcos 20 — Al sin 2a+ﬁt

= — AI _ AI
§0) 20+ 8 20— 77
_ K I K I
n(0) = 20z+ﬁA++ 204—51477

AR = (o) +n(0)) 47 = L (€(0) ~n(0)

AL = 22 0 o) AL =20 + 000,

The whole otion of this molecule is determined by these four initial conditions.




