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This lecture was given on Nov 10th.

I. 2-PARTICLES COUPLED WITH THE SPRINGS

The Lagrangian of the two particles with the same mass m connecting with spring with

fix ends is described by the following Lagrangian
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It is easy to check the equilibrium position is z; = [, x5 = 2[. Hence we define new
coordinates,
@ =2x1—1, gg=mx9— 2L
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The equations of motion are given as
mgi = — (K + Ki2)q1 — K12g2, M = —(K + K12)@2 — K12q1

One can solve those equations by adding and subtracting them,
m(Gi + G) = —(k + 2k12) (1 + q2), m(G1 — §) = —K(q1 — g2)-

Set £()=q1(t) + ¢2(t) and n(t)=q:(t) — ga(t) we have

q = Ae™t, @ (t) = Be™t,

—mw?A = —(k + K12)A — K19B, —mw?B = —(k + K12)B — K12 A



—mw? 4+ K + Kig, K12 A 0
K12, —mw? + K + Kz B 0
The determent of this 2 x 2 matrix must be zero, otherwise we can multiply its inverse

matrix and find that A = B = 0. Thus we have

ot —mw? + K + Kia, K12 o,

2
K12, —mw* + K + Kz

Therefore we know that

/$+2f€12 KR
—mw? + K+ Ky = +Ki9, —> w? = _
m m

When w?=5t2512 we have A=B. On the other hand, when w?=2% we have A=—B. Therefore

the solution can be written as the combinations of the following two solutions,

K+ 2K . K+ 2K
a(t) = Afcosw/Tmt—Aism\/Tut, 2(t) = q1(1).
K K
t) = Afcos/—t— Al siny/—t, @)= —aq(t).
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II. 3-PARTICLES COUPLED WITH THE SPRINGS

Now if we increase number of particles then the Lagrangian becomes

m . m . I K K K
L = E[L’% -+ ?l’g — E(flfl — l)2 — §(ZE2 — 1 — l)2 — 5(%3 — Ty — l)2 — 5(3[ — l’3)2.

We change to new coordinates,

¢ =21 — 1, ga =29 — 2, g3 =13 — 3.

The Lagrangian becomes
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The equations of the motion become
mgr = —2Kq1 + Kga,

MG = K@ — 2Kq2 + Kq3,

mq = —2Kq + Kqo,



We look for normal modes, so we set
ql(t) = A@th, QQ(t) = Beth, Q3(t) = Ceth.

Thus one has equations like these ones.

—mw? + 2k, —K, 0 A 0
—K, —mw? + 2k, —K Bl=10
0 —K —mw? + 2k C 0

The characteristic frequencies must satisfy the following equation:

—mw? + 2k, —K, 0
det —K, —mw? + 2k, —K =0
0 —K —mw? + 2k

Set —mw? + 2k=A, the equation becomes
A® —25°A = 0.

Therefore we know that

A =0,V2k, —\V2k.
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When w2:%‘, we have
0 —k, O A 0
-k, 0 —k Bl=10
0 —x 0 C 0

It is easy to see the relation between A B and C'is A=-C', B=0. When wzzw, we have

+v2k  —k, 0 A 0
—K, +V2k —k Bl=10
0 -k +V2k] \C 0



It is easy to see the relations between A B and C' are A:C:i%. Therefore there exist

three independent solutions:

q(t) = Allcos \/715—1418111 \/7t @(t) =0, g3(t) = —q1(t).
q(t) = Al cos \/ +\/_ — Alsi \/ +\/— Tt o) = V2ai(t), gs(t) = a(t).
nlt) = Afcos\/% —alsin [ 220 ) - (o), ) = a0)

The general solutions are the linear combination of these three ones.



