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Neutrinos

» Abundance in the Universe

» Member of the quark-lepton spectra of fundamental
particles
» Indispensible in electroweak interactions
» Properties:
» extrinsic properties: well-established in SM
» intrinsic properties: not so well-known
» After decades of effort
= vs change flavor after propagating a finite distance in
vaccum and in matter
= neutrino oscillation



Neutrino Oscillation and Mixing

» Consistent explanation to v oscillation is to postulate:

» non-zero, distinctive neutrino masses
» neutrino mixing

= weak eigenstates # mass eigenstates
» U mass: mass eigenstates v; with mass m;
» v mixing: consider, e.g., Wt — v; + 1,
> accompanying v eigenstate is not always the same v;
» V7, = amplitude for producing a specific pair of [, + v;

= neutrino of flavor o emitted in W™ decay is a
superposition of mass eigenstates: v, =Y. Vv



Mixing Matrix

» V,; can be collected into the mixing matrix V
(or Vpuns, Pontecorvo-Maki-Nakagawa-Sakata)

> VI(MM")V = Diag(m?, m3, m3)
M: neutrino mass matrix

» unitarity of V guarantees that v, goes with /, in
interaction

> inverted relation: v; =) V,iv,

> |V,i|? = fraction of v, in v;

> |V,i|?> = prob. that the charged lepton will be of flavor «
as v; Interacts



v Transition Probability

v

v oscillation: v at birth as v,, but detected as v

» If 3 # «, the neutrino has morphed from v, to v

> IW HVJ

.m?t
> Alva — v) = 3 Vayexp(—ige )V
> P(va — v5) =

6aﬂ — 4Zi>j Re[V;,- Vg; Vaj VEJ] sm%Ami&)
+2Im[ V2 Vi Vo Vi3] sin(Am? 5=),
2

. 2 _ 2 .
with AmZ = m7 — m? (in vacuum)



Parametrization for Mixing Matrix

» “Standard” Parametrization of V' (Particle Data Group):

» Three mixing angles 815, 0»3, 013
» One CP-odd phase ¢
» V = V(012,023,013, )

> V(¢912, Q23, Q137 ¢)

C12C13 . S12C13 _ s;ze’?
—S12Co3 — C12523513€"Y €203 — 5125235136"? C1353
—C12523 — C23$12$136'¢ C13C23

S12523 — C12C3513€"?

with s; = sin6; and ¢; = cos0;;.



Current data from Oscillation

Am3 ~ 7 x 1075%eV?, sin? 1, ~ 0.3
|AmZ,| ~ 2.4 x 1073eV?, sin® 3 ~ 0.5
sin® 613 < 0.03

= Am3,/|Am3,| ~ 0.03

Am3, > 0, normal hierarchy

Am3, < 0, inverted hierarchy

v

v

v

v

» ¢ so far unconstrained



Possible Mass Hierarchies
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Fermion Masses
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Fermion Mixing

Patterns of quark and v mixing

1 02 0.001

WVekm| ~ | 02 1 o001
0001 001 1
08 05 <0.2

\Vewns| ~ [ 0.4 06 07
04 06 0.7

= They look very different!

» What, if any, is the relationship between Vky and
Vemns?

» What, if any, is the principle responsible for the observed
v masses and leptonic mixing?



Important Questions in v physics

Absolute mass scale?

Is CP phase non-zero?

Is A>3 exactly maximal?

Sign of Am3, (mass hierarchy)?

vV v v v VY

How small is 6;357



Future Oscillation Experiments

» Focus of future oscillation experiments:
Better determinations of elements of neutrino mass and
mixing matrtices.
» Neutrino oscillation exp. with better precision
> b12, 023, b13
» Am3;, magnitude and sign of |Am3,|
» Dirac phase ¢: long-baseline v, — v, oscillation



2 — v Oscillation in Vacuum

> P(ve — Vo) = | < ve|ve > |? =1 —sin?20sin’(Am
> Am? = m3 — m?

» | = source-to-detector distance

> sin2[Am? L] = sin?[L27(Am? /eV2)(Lkm ]

= experiment sensitive to Am? ~ (EL/é;"V)‘leW



2 — v Oscillation in Uniform Medium

v

Coherent forward scattering:

» W exchange between v, and e
» Z exchange between v, and e, p, n

Extra interacting potential energy for v, from CC
A =2V2GeN.E (a measure of matter effect)
0 — QM, Vi — Uim

Puy(ve = ve) =1— sin® 20y sinz(Am%ﬂé)

> Ami, = Am2\/sin2 20 + (cos 20 — A/ Am?)?
sin® 26
sin? 20+(cos 20— A/ Am?)?2

> sin? 20y =



Medium with Varying Density

v

Examples: solar or SN neutrinos

- d Uim . —Am2/4E —id@M/dX Vim
"o\ oy ) T\ idOy/dx  Am?/AE Vam
If |dOy/dx| < |Am?/4E| (adiabatic approximation)

= U1y < Vo transition suppressed

doy __

_ sin 29(2\/_G,:E) (dNe)
dx

(——cos 20)2+sin” 20

1
2

At resonance (A = Am? cos20), adiabaticity is maximally

violated:

doy Am?
= max., 2E min.

= non-vanishing prob. for vy, <> 1) at resonance



2 — v Resonant Transition

N,



3 — v Parameters

» Parameters for v oscillation:
912, 923, 913, Am%l = m% — mf,
|Am3,| = [m3 — m3| =~ |m3 — mi|
» Unknown Ocsillation Parameters
» sign of Am%z: ambiguity in neutrino mass hierarchy
normal hierarchy: ms > my, m
inverted hierarchy: m3 < my, m;
» mixing angle 013 (current upper bound 13 ~ 1072)



Neutrino Mass Hierarchies

» normal hierarchy: both higher and lower transition occur
in v sector

» inverted hierarchy: higher transition in ¥ sector, while
lower transition in v sector



Resonant Transitions

Normal mass ordering
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Why another parametrization?

Mixing and oscillation are modified by matter:

» matter effects can fake CP effects in long baseline exp.

» solar and supernova neutrinos spectra are modified before
detection

One needs to know

» how mixing parameters evolve in matter

» how the mixing parameters in vacuum are related to that
in vacuum



» In the literature, usually the cubic eigenvalue problems are
involved

» Calculations are formidable

» Results are far from transparent for clear extraction of
physical implications

» Intriguing properties and symmetries may lost

» For more general study of mixing problems



Alternative parametrization for neutrino mixing

» Consider the mixing matrix that satisfies detV=+1

» A set of six rephasing invariants can be constructed:
ik = V4 Vo Vsk, where (i, ], k) is a permutation of
(1,2,3)

» We can show that Iy, = Ry — iJ

» Even and odd permutations of the real part Rjj:
(R123, Ro31, R312) = (X1> X2, X3)
(Ri32, Ro13, R321) = (y1, y2, ¥3)

» Imaginary part: J=Jarlskog invariant (a measure of CP
effect)



Jarlskog invariant J

> Im[Voi Vg Vo Vil = J(O2, €apy Dok Eiik)
» in x — y parametrization: J? = X1X0X3 — V1Yo V3
» in standard parametrization:

J= % sin 2615 sin 26,3 sin 263 cos f13 sin ¢

» CP and T-violating asymmetries:

> APCP = P(I/a — I/b) — P(IZ-, — Ijb)

> APt = P(vs — vp) — P(vp — va)
» APcp = 16Jsin( 122L)sin(M§3L)sin(M31L) + matter term
» In vacuum, APcp = APt (matter term=0 for APr)

» Any indication of APcp # APt in matter would help
extracting J.




Constraints and Properties

» Two constraints:
detV=(x1+x2+x3)— (1 +y2+y;) =1

(x1x2 + xox3 + x3x1) — (y1y2 + yays + y3y1) =0

» squared mixing elements | Vj;|?:
Vi [Vio* [Vasf?
[Vil? = | Vol [Vaof* [Vas]?
|Var? [Vaof* Va3l

X1—=yV1 X2—=)Y2 X3—V)3

= X3—Ya X1—)Y3 X2— N

X2 —Y3 X3—Yy1 X1— )



Effective Hamiltonian in matter

In flavor basis

> Her =

mlT

se |V m3 Vi 4+ 0
where A = \/2Ggn.E
» H is diagonalized by the mixing matrix U in matter:
Dy
H=UDU! = U D; uf
D,

with D; = M? (effective squared masses in matter)



Evolution Equations

» We may start with

9 _ d[yDUT] = 0

» UTUD 4+ D 4 pdly =yt 0 U

[Unn? UUs UisUy
= | UnU5 [Uf UsUj
UnUi; UnUj;  |Usl?
» Diagonal and off-diagonal elements leads to the desired
relations.



» Off-diagonal elements for d(UTU)/dA vanish:
U]+ |25 U] = 0.4 k)
= (D= D) [ % U] = UuU;,
» Since [‘Q—fU} B [Uf]kj = [%‘T]ij'
we get

dut _ U1kU1
> [dAL._ A _Zkyé/ —3 Uik

lkUIJ *
> Zk;é_/D —Dy "1k



In matter, F,-jk = U1,'U2jU3k = R,'jk —1J
dliz _ dxi - dJ

= &1 /&2

dA dA — !dA
U
= D Uy Uy + Uy L2 Uy + Upy Upp 9222

The reaI and imaginary parts:
dxy __ x1xe—2x1y2tyiy2 + —x1Xo+x1X3+y1y2—y1ys + —x1X3+2x1Y3—Y1Y3

dA Di—D, D>—Ds Ds—D;
1d) __ dind _ —xitxotyi—y» + —X2+X3+Y2 ZRE X1—X3 yitys
J dA dA D1—D> Dr— —Dr

Use other permutations of dlji/dA to get the rest:



» The off-diagonal elements lead to

dxy _ x1x=2x1y2+y1y2 + —Xx1X2+x1X3tY1Y2—Vyiy3 + —x1X3+2x1Y3—Y1Y3

dA Dy—D, Dr—Ds D3—D,

dxo _ —x1x+2Xy1—y1y2 + X2X3—2x2y3+y2y3 + X1X0—XpX3—Y1Y2+yoy3
dA Di—Ds Do—D; D:—D;

dx3 . —x1X3+XoX3+y1ys—yoy3 + —XoX3+2X3Y2—Y2y3 + x1X3—2x3y1+Yy1Y3
dA D1—D, D>—D3 D3—D;

dyr _ —x1xe+2xy1—y1y» 4 Zxaxe +Xx1x3ty1y2—y1y3 Sl 2X3y1 +y1y3
dA D1—D» Dy—Ds —D

dys _ xp—2x1y2+y1y2 + —X2X31+2x3y2—y2y3 + X1X2—X2X3—}/1y2+)/2}/3
dA Dy—D, Dr—Ds D3—D,

dys _ —x1x3t+xox3ty1y3—yoys 4 Xexa— 2X2}/3+}/2)/3 + —x1X3+2x1Y3—Y1Y3
dA D1 — D2 D3 - Dl

» The diagonal elements lead to

G = Ul =x —y1, G = [Vl = x — y,

% = |U13\2 =X3—)3



Initial Conditions

» Standard Parametrization

V = .
C12C13 S12C13 si3e” ¢
—S512C3 — C12$23$136i¢ Ci12C23 — 512523513ei¢ C13523
512523 — C12C23513ei¢ —C1253 — C23$12$136i¢ C13C23
» Tri-bimaximal scenario:
2/3 1/3 0
|Vil? ~ | 1/6 1/3 1/2 |,
1/6 1/3 1/2

with s; = sin6j; and ¢;; = cos ;.
> Si2 = (]- +7])/\/§, Sp3 = (]. +§)/\/§, and 513 = €

» Solving for initial conditions from

Vil y)I2 = [Vi(n, €, €, 9)17



» For simplicity, we take 7 = & = 0 and ignore terms in

O(B€3), where 3 = (1/2/3) cos ¢.

> x10 = £(2 — 38 — 2¢2),  y10 = £(—2 — 3[¢e + 2¢?)

1 1

6 6
Xog = %(1 —30e—€2), yuo= %(—1 — 3¢ + €2),
X30 = %(56 +€), yn= %(56 —€)



Notations and input parameters

> 0o = m3 — mi, Ao = |m3 — m3] in vacuum
§ = M3 — M?, A =|M;— M3| in matter.
> 0o = 7.0 x 10™°eV? and mass hierarchy 6y/A = 1/32

» ¢ = 0.17 (current upper bound of |Vi3|) and 5 =1/4 ( or

¢ ~ 58°)



Numerical Solutions
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Figure: Note: xj + y; ~ 0



The following can be verified numerically:
> (atxetxs) —(ity2ty)=1
> X1+ Xp + X3 2 X10 + X0 T+ X30

Y1+ Y2+ Y3 yio + Y20 + Y30
NOTE: |EXx; — £xjo| and |Xy; — Ly;o| are of order < |J¢|



Squared Matrix

Elements

10017/ | V1s |

1.5
1.25]
1
0.75]
0.5
0.25]

102217/
3

2.5

2|

1.5]

1

0.5

1

| A/
107107107 1 10 10° 10°

So

2
V2|

L B/5;
F10%10% 1 10 107 10°

103312/ Va3 |
35

30)
25|
20)
15]
10)

5|

1

Figure: |U;|?/|Vjj|? for v (solid), and ¥ (dashed, by replacing A

L B/5;
F10%10% 1 10 107 10°

102112/ Va1 |
2
1.5

1

0.5

17107100 1 10 107 10"

/v

R T ET = e V1
10210710 1 10 10% 10°

102312/ Va3 |
1

4 _ — 2/
107107100 1 10 10° 10°

with —A and U with U* in that of the v sector.)



Jarlskog Invariant J?
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Mixing angles for Standard Parametrization

Figure: sin2f01p = 1/(1 + i;%ﬁ)(solid),sin2 O3 =1/(1432=7)
(dot-dashed), and sin? §13 = x3 — y3 (dashed)



Approximation near the resonance

Clues from numerical solutions:

> () xat+yi~0x+y~0 x3+y3~0
> (ii) |x3] < 1 and |ys| < 1 near the lower resonance
> (iii) [x1] < 1 and |y;1| < 1 near the higher resonance

Approximations using (i):

(Rt 5n) > -G
% (3 - 3) =%
Z)X = 4X3(X2 + A+6)

da

I~ 2(x3 —x2), % ~ 2(xy — x1)



Near Lower Resonance

From (ii), |x3s| < 1 and |y3] < 1 near the lower resonance:

dxi ~, —4x1x2 dxo ~, 4xixp dx3
BE e A= a0
dd dA

A= 2(X2 — Xl), A = —2X2.

Relations to use, with v =1 — Se:
> X1 + X2 + X3 2 X109 + Xo0 + X30 = /2
> X1~ (7/2) — X2 — X30

> Xo X~ (7/2)—X1—X30



Approximated solutions near lower resonance:

4x10
—ox (Y—2x30)A—0 (7222~ —1)
(D= (%) |:1 _ < Y—2x30

4x:
> = () {1 + “’—2X30>A—§o<1—w_5330>}

> X3 = X3p
> 0= 00y/1 =24 [4xao — (7 — x0)] + (7 — 20255
= 0y /1 = 22 [(7 = 2x30) — o] + (7 — 2x00)° %

> A=0¢— (3 —x0)A+ %2 -3




Near Higher Resonance

From (iii), |x1| < 1 near the higher resonance:

dxy 2 a3
A — O, A = —4X2X3/A, JA — 4-X2X3/A7
ds dA
dA — dA

NOTE: “Projected” initial value for x5, = (7/2) — x30

2x, ~ 2(x3 — Xx2)



Approximated solutions near higher resonance:

> X]_ g 0
A
VA= =0 (4x30—7)
> Xy = % {1 — +2°

_Bo( g
>X3:%|:1+—’YA ”2 430)}

> A= Ao\/1—2 (7 — 4x0) + (222
= Doy/1— 28 (4 — ) + ()

_ A A A
>5—50+%+70—7
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Figure: Approximated (dot-dashed) and numerical (solid)
solutions, with e = 0.17, 5 =1/4, and do/Ag = 1/32.



Some specific values

From approximated solutions:

» Solutions near lower resonance: x; = Xjg, Xo = X2q,
X3 = X30, 5:(50, and A:Ao if A=0.

Lower resonance condition: A; = &/(3 — 3€%) ~ 0.3440
51 = 2v/200/3 ~ 0.945,
Higher resonance condition: A, = Ag(1 — 2€%) =~ 0.94A,

Ah = AO\/ 1-— (1 — 262)2 >~ 034A0

vV v v Vv



Patterns of mixing

2/3 1/3 0 1/2 1/2 0
|Usls ~ | 1/6 1/3 1/2)>Uy?~(1/4 1/4 1/2),

1/6 1/3 1/2 1/4 1/4 1/2

0 1 0 0 1/2 1/2
|Uslg ~ | 1/2 0 1/2)anj%N(1/2 1/4 1/4),

1/2 0 1/2 1/2 1/4 1/4

1/2 1/2 0

v=vacuum, /=lower resonance, b=between lower and higher
resonance (A ~ 100y here), h=higher resonance, and d=dense
matter (A — 00).

0 0 1
U3~ 1/2 1/2 0



Summary and Outlook

» An alternative parametrization is applied to neutrino
mixing

» Evolution equations are derived

» Mixing parameters in matter are related to that in vacuum

» Intriguing patterns of the physical quantities can be
investigated

» Apparent invariant relations

» Might be useful for a general study of neutrino mixing

and RGE (renormalization Group Equation) running of
mixing parameters.



