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Introduction



Factorization theorem

Deeply inelastic scattering (DIS) as an example

Cross section = Hard (H) * Parton distribution
function (PDF)

H = short

distance, LO . /
PDF = long | .
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Collinear factorization

Factorization of many processes
Investigated up to higher twists

Hard kernels calculated to higher orders

Parton distribution function (PDF)
evolution from low to high scale derived
(DGLAP equation)

PDF database constructed (CTEQ)
Logs from extreme kinematics resummed

Soft, jet, fragmentation functions all
studied



kT factorization (less mature)

K. factorization applies to small x, or high
energy region, especially to LHC physics

Also to final-state spectra at low g, like
direct photon and jet production

Keep k; in hard kernel, XP" =K;, g, =K;
Parton k=(xP",0,k;) enters hard kernel
Parton Kk Is not integrated out in PDF

= Kk dependent (TMD) parton density

Many aspects of k; factorization not yet
Investigated In detall



Naive definition



Transverse Wilson links

Suppose factorization established. Quark
flelds nonlocal in transverse directions.
Transverse Wilson links introduced

For PDF, work in axial gauge. Calculate
only self-energy corrections.

Not the case for TMD, because transverse
Wilson links contribute in axial gauge.

Transverse links do not contribute In
covariant gauge.



Feynman diagrams
In axial gauge A+=0
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Light-cone singularity
Compute H® =GY -¢Y@H®
The pole 1/(n_-1)=1/1" from Wilson lines in
1) gives the light-cone singularity.
They cancel in collinear factorization
PV QH = jd' [H(x)—H(x+1"/P*)]

"he difference of H® removes singularity.
"hey exist in k; factorization:

jd|+[H(x ki) —H(X+17/P* K, +1.)]
because H(x k:)=H(XK; +1)




Modification
e Naive TMD is ill-defined
« Modified definition: n —n, n® =0

Ty b
 Light-cone singularity &

IS regularized by n<.




New IR singularity
Self-energy correction to Wilson links

-

appears P
; \

Proportional to n* , vanishes originally as
2
n“=0 1

Its Feynman integrand (n-l1+ig)(n-1—lg)
1stpole n-l =0 leads to pinched
singularity from 2"d eikonal propagator

Off-light-cone Wilson links regularize light-
cone singularity, but introduce new one



Collins’ definition



Collins’ modification
TMD with light-like Wilson links multiplied

by -
. *—L’(:Ti Y1 '.Uz)
Im 4/ —= T
Y1—++oC S(ZT: Y1, yu) S(ZT: Yo, yu)
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ny = (e¥2,e7Y2 Op) Wilson-line rapidity

u and nl on light cone, n2 off light cone

Off-light-cone Wilson links move into soft
function

Sqguare root renders calculation difficult
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New definition



Our modification

* Reverse one of off-light-cone Wilson links
* Pinched singularity reduces 1
to log singularity ) (n-1+ig)?
 Introduce soft subtraction to remove this
log singularit
g sing Yy T
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Another modification

 Choose orthogonal gauge vectors for off-
light-cone Wilson links

* Pinched singularity
disappears

* soft subtraction < n,
IS not needed n,

TN

n.-n,=0
(n -1+ig)(n,-1—1ig)




Check IR behavior

« Take pion transition form factor as an
example, whose hard kernel is simple

o All three definitions give the same collinear
logarithm, the same as in QCD diagrams

 They all realize kT factorization at small x
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Check evolution

 Evolution equation in Wilson-line rapidity
from Collins’ definition
NS
lll( 2 ) +2z;2]

factorization scale

H=D,

1 C aq(p)C
= Ino ”(A';.]ffr. Yy2) = (1) Cr
do T

e From our definitions

d ag(p) Cr kL
— InoT (KK ys) = * In — +1
dy2 no7 Ry b ve) Q ( P+

 They are equivalent at small x



Polarized process



Single spin asymmetry (SSA)

doT (k) — do+(k)
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Sivers function

 TMD parton density factorized from

polarized collision processes, called Svers
function

(S x k) Lo g
mn fir (k) Wilson links

' d> iker 3 X
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SIDIS vs DY
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PT transformation
(PT) () (PT)T = 79"y ¢ (—at)
(PT) B(a#) (PT) = —(—a#) 105143
= (PT) |p.S) =e"|p,—S)
(PT) const (PT)" = (const)*
(FI(PT)T O (PT) |iy = (PT)f| O |(PT)i)*
(pS|(0)y T (r) [pS) = + (p, =S| (0) v ¥ (r) [p, =S)

 Asymmetry appears at higher orders



PT of Wilson links
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Relation between SIDIS and DY

(pS] L(0)y " Urst[0, r]e(r) [pS) = + (p. =8| ¥ (0) v Urs1[0, 7] ¥ (r) |p, =5)
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o famous sign flip of Sivers function in SDS
and DY

e 15t new Wilson links leads to vanishing
Sivers function

e No definite relation between 2" new
Wilson links for SIDIS and DY

 Anything wrong?
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Physical observable
D IS not physical, but SSA Is

nloying 15t new Wilson links, SSA is not

factorizable

Hard kernel for SSA starts at NLO, which
Involves subtraction of TMD effective
diagrams from QCD diagrams

Employing 2" Wilson links, their
arbitrariness under PT will be cancelled by
that in hard kernel



Summary

K. factorization is more complicated than
collinear factorization, and has many
difficulties

TMD definition is one of difficulties, and it
took a long time for people to understand
the difficulty.

Simpler definitions facilitate proof of KT
factorization, derivation of evolution eqs

Next goals: fragmentation, resummation,
Glauber gluons, applications,...
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